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The role of (lattice) QCD in precision physics 
Introduction to lattice QCD 
Success stories: two examples 

•  

• inputs for Higgs decay rates ( ) 
Puzzles: two examples 
• hadronic corrections to muon g-2 

•  
Summary and Outlook
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Experiment vs. SM theory:

(experiment) = (known) x (CKM factors) x (had. matrix element)

example:
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b̄
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µ+
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Vcb
c̄

The role of (lattice) QCD in precision physics
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adjustable parameters 

lattice spacing:  

finite volume, time:    

quark masses (mf): 
tune using hadron masses  
extrapolations/interpolations

Lattice QCD Introduction

L 

a 

x 

discrete Euclidean space-time (spacing a) 
derivatives ➙ difference operators, etc… 
finite spatial volume (L) 
finite time extent (T) 

LQCD =
X

f

 ̄f (D/+mf ) f +
1

4
trFµ⌫F

µ⌫

a ➙ 0

L ➙ ∞, T > L

MH,lat = MH,exp

mf ➙ mf,phys mud ms mc mb

Integrals are evaluated 
numerically using monte 

carlo methods. 

Extrapolations/interpolations guided by EFT description of QCD
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FIG. 6. Distribution of four-flavor QCD gauge-field ensembles used in this work. Ensembles that
are new with respect our previous analysis [23] are indicated with black outlines. Ensembles with
unphysical strange-quark masses are shown as gold disks with orange outlines. The area of each
disk is proportional to the statistical sample size Nconf ⇥ Nsrc. The physical, continuum limit is
located at (a = 0, M⇡ ⇡ 135 MeV).

charm and bottom quarks with controlled discretization errors. Figure 7 shows the range
of valence heavy-quark masses used in our analysis. On the coarsest a ⇡ 0.15 and 0.12 fm
ensembles, we have only two values mh = 0.9m0

c
and m

0
c
; on our finest a ⇡ 0.042 and 0.03 fm

ensembles, however, we have several heavy-quark masses between 0.9m0
c

 mh  5m0
c
,

reaching just above the physical b-quark mass. Second, as discussed in Sec. III, we have
large statistical sample sizes, with about 4,000 samples on most ensembles and large lattice
volumes; the resulting errors on the decay constants range from 0.04% to 1.4%.

Because of the breadth and precision of the data set, it is a challenge to find a theo-
retically well-motivated functional form that is sophisticated enough to describe the whole
data set. We therefore rely on several EFTs to parameterize the dependence of our data
on each of the independent variables just described: Symanzik e↵ective field theory for lat-
tice spacing dependence [37], chiral perturbation theory for light- and strange-quark mass
dependence, and heavy-quark e↵ective theory for the heavy-quark mass dependence. These
EFTs are linked together within heavy-meson rooted all-staggered chiral perturbation the-
ory (HMrAS�PT) [64]. Here we use the one-loop HMrAS�PT expression to describe the
nonanalytic behavior of the interaction between pion (and other pseudo-Goldstone bosons)
and the heavy-light meson, and supplement it with higher-order analytic functions in the
light- and heavy-quark masses and lattice spacing to enable a good correlated fit.

Even with these additional terms, however, the extrapolation a ! 0 and the interpolation
mh ! mb oblige us to restrict the range of amh. In practice, we are able to obtain a good
correlated fit of our data with heavy-quark masses amh  0.9. Note, however, that our final
fit function describes even the data with amh > 0.9 quite well.

20

MILC nf = 2+1+1

Extrapolations/interpolations guided by EFT description of QCD
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...of lattice spacing, chiral, heavy quark, and finite volume effects is based on Effective Field Theory 
(EFT) descriptions of QCD  ➙ ab initio 

   

• finite a: Symanzik EFT 
•light quark masses: ChPT 
•heavy quark effects: HQET 
•finite L: finite volume EFT

systematic error analysis

L 

a 

x Lattice QCD Introduction
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In practice:  
stability and control over systematic errors depends 
on the underlying simulation parameters, available 
computational resources, analysis choices, … 

Flavor Lattice Averaging Group:

• quality criteria for inclusion 
• averages include sys. and stat. correlations 
• if using a FLAG average, please cite the underlying 

lattice results!

• reviews over 60 quantities  
• ~ biannual schedule + web update

S. Aoki et al [FLAG 2021 review, arXiv:2111.09849, EPJC 2022]
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Finding Beauty
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L 

a 

x 

L 

a 

x 

 quarkb

 mesonB

generic disc. errors  (  depends on lattice action)  
  ➠ leading discretization errors  (using same action as for light quarks 

If    uncontrolled errors

∼ (aΛ)n n
mb ≫ Λ ∼ (amb)n

mb ≳ a−1

use EFT (HQET, NRQCD) ➠  expansion 
• lattice HQET, NRQCD: use EFT to construct lattice action  

complicated continuum limit 
nontrivial matching and renormalization  

• relativistic heavy quark approach (Fermilab, Columbia) 
matching relativistic lattice action via HQET to continuum 
nontrivial matching and renormalization 

Λ/mb

   +  highly improved light quark action            
       ➠ same action for all quarks  
       ➠ simple renormalization (Ward identities)

a−1 ≳ mb ≫ Λ

➠ (few-5)% errors

➠ (1-3)% errors

➠ < 1% errors

EFTs co-developed 
lattice / continuum

Now
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The State of the Art

Lattice QCD calculations of simple quantities (with at most one stable meson in initial/final state) that 
quantitatively account for all systematic  effects (discretization, finite volume, renormalization,…)  
in some cases with  

• sub percent precision.   
• total errors that are commensurate (or smaller) than corresponding experimental uncertainties. 

  

Progress due to a virtuous cycle of theoretical developments, improved algorithms/methods and 
increases in computational resources (``Moore’s law”) 
  

Scope of LQCD calculations is increasing due to continual development of new methods:  
• nucleon matrix elements    

• nonleptonic kaon decays ( , ,…) 

• resonances, scattering ( ,…) 

• long-distance effects ( , …)

K → ππ ϵ′ 

ππ → ρ
ΔMK

• QED corrections  
• radiative decay rates 
• structure: PDFs, GPDs, TMDs, … 

• inclusive decay rates ( ,…) 
• …

B → Xcℓν

L 

a 

x Lattice QCD Introduction
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W

µ+

Bs
µ�

SM prediction for rare leptonic decay rate

[Beneke et al, arXiv:1908.07011, JHEP 2019]

Rare leptonic decay Bs → μμ

Branching fractions

6

1 2 3 4 5
]9−) [10−µ+µ → 0

s
(BΒ

SM Prediction
Beneke et al, JHEP 10 (2019) 232 0.14 ± 3.66

LHCb
PRL 118 (2017) 191801  0.6− 

 +0.73.0

CMS
JHEP 04 (2020) 188 0.65− 

 +0.722.94

ATLAS
JHEP 04 (2019) 098  0.7− 

 +0.82.8

ATLAS+CMS+LHCb
BPH-20-003 0.35− 

 +0.372.69

LHCb
PRL 128 (2022) 041801 0.44− 

 +0.483.09

CMS
BPH-21-006 0.41− 

 +0.443.83

No evidence for B0 -> μ+μ-

Silvano Tosi @ LHCP2023 (Tuesday, Flavor Physics)



A. El-Khadra LHCP 2023, 22-26 May 2023 8

W

µ+

Bs
µ�

SM prediction for rare leptonic decay rate

[Beneke et al, arXiv:1908.07011, JHEP 2019]

Rare leptonic decay Bs → μμ

Branching fractions

6

1 2 3 4 5
]9−) [10−µ+µ → 0

s
(BΒ

SM Prediction
Beneke et al, JHEP 10 (2019) 232 0.14 ± 3.66

LHCb
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 +0.73.0

CMS
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 +0.722.94
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JHEP 04 (2019) 098  0.7− 

 +0.82.8
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LHCb
PRL 128 (2022) 041801 0.44− 

 +0.483.09
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BPH-21-006 0.41− 

 +0.443.83

No evidence for B0 -> μ+μ-

other

CKM

fBs

error2

0.6%

• includes structure-dependent QED corrections 
• dominant uncertainty due to  
• LQCD decay constant sub dominant source of 

uncertainty

|Vcb |

S. Aoki et al [FLAG 2021 review, arXiv:2111.09849, EPJC 2022]
Silvano Tosi @ LHCP2023 (Tuesday, Flavor Physics)

http://arxiv.org/abs/arXiv:2111.09849
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2013 ➠ present

9

https://www.usqcd.org/documents/13flavor.pdf  and [J. Butler et al, arXiv:1311.1076]
Report of the Lattice QCD Task Force 33

Quantity CKM Present 2007 forecast Present 2018

element expt. error lattice error lattice error lattice error

fK/f⇡ |Vus| 0.2% 0.5% 0.4% 0.15%

f
K⇡

+ (0) |Vus| 0.2% – 0.4% 0.2%

fD |Vcd| 4.3% 5% 2% < 1%

fDs |Vcs| 2.1% 5% 2% < 1%

D ! ⇡`⌫ |Vcd| 2.6% – 4.4% 2%

D ! K`⌫ |Vcs| 1.1% – 2.5% 1%

B ! D
⇤
`⌫ |Vcb| 1.3% – 1.8% < 1%

B ! ⇡`⌫ |Vub| 4.1% – 8.7% 2%

fB |Vub| 9% – 2.5% < 1%

⇠ |Vts/Vtd| 0.4% 2–4% 4% < 1%

�ms |VtsVtb|2 0.24% 7–12% 11% 5%

BK Im(V 2
td
) 0.5% 3.5–6% 1.3% < 1%

Table 6. History, status and future of selected lattice-QCD calculations needed for the determination

of CKM matrix elements. 2007 forecasts are from Ref. [112]. Most present lattice results are taken from

latticeaverages.org [113]. The quantity ⇠ is fBs

p
BBs/(fB

p
BB).

written [112]), only fK/f⇡ was fully controlled. A sample of present errors is collected in Table 6. For K

mesons, errors are at or below the percent level, while for D and B mesons errors range from few to ⇠10%.

The lattice community is embarking on a three-pronged program of future calculations: (i) steady but
significant improvements in “standard” matrix elements of the type just described, leading to much improved
results for CKM parameters (e.g., Vcb); (ii) results for many additional matrix elements relevant for searches
for new physics and (iii) the extension of lattice methods to more challenging matrix elements which can
both make use of old results and provide important information for upcoming experiments.

Reducing errors in the standard matrix elements has been a major focus of the lattice community over the last
five years, and the improved results illustrated in Table 6 now play an important role in the determination
of the CKM parameters in the “unitarity triangle fit.” Lattice-QCD calculations involve various sources
of systematic error (the need for extrapolations to zero lattice spacing, infinite volume and the physical
light-quark masses, as well as fitting and operator normalization) and thus it is important to cross-check
results using multiple discretizations of the continuum QCD action. (It is also important to check that
results for the hadron spectrum agree with experiment. Examples of these checks are shown in the 2013
whitepaper [111].) This has been done for almost all the quantities noted above. This situation has spawned
two lattice averaging e↵orts, latticeaverages.org [113] and FLAG-1 [114], which have recently joined
forces and expanded to form a worldwide Flavor Lattice Averaging Group (FLAG-2), with first publication
expected in mid-2013.

The ultimate aim of lattice-QCD calculations is to reduce errors in hadronic quantities to the level at which
they become subdominant either to experimental errors or other sources of error. As can be seen from
Table 6, several kaon matrix elements are approaching this level, while lattice errors remain dominant in
most quantities involving heavy quarks. Thus the most straightforward contribution of lattice QCD to the
future intensity frontier program will be the reduction in errors for such quantities. Forecasts for the expected
reductions by 2018 are shown in the table. These are based on a Moore’s law increase in computing power,

Community Planning Study: Snowmass 2013

2021 FLAG 
Average

0.18 %
0.18 %
0.3  %
0.2  %
4.4  %
0.6  %
~1.5 %   [from 2105.14019, 2304.03137]
~3 %
0.7  %   (0.6 % for )fBs

1.3  %
4.5  %
1.3 %

QED threshold: 
QED corrections important/
dominant source of theory 
error in SM predictions 

0.7 % [from 2212.12648]

➠ Toby Tsang@LHCP  
(B mixing, Tuesday, Flavor Physics) 

➠ Andreas Jüttner@LHCP  
(SL B-meson form factors, Friday, Flavor 
Physics)

2013 2013 forecast

https://www.usqcd.org/documents/13flavor.pdf
https://arxiv.org/abs/1311.1076
https://arxiv.org/abs/2105.14019
https://arxiv.org/abs/2304.03137
https://arxiv.org/abs/2212.12648
https://indico.cern.ch/event/1198609/contributions/5363321/attachments/2651838/4591628/LHCP.pdf
https://indico.cern.ch/event/1198609/contributions/5363365/attachments/2654187/4596246/LHCP2023_build.pdf
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Outline
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The role of (lattice) QCD in precision physics 
Introduction to lattice QCD 
Success stories: two examples 

•  

• inputs for Higgs decay rates ( ) 
Puzzles: two examples 
• hadronic corrections to muon g-2 

•  
Summary and Outlook

Bs,d → μμ
mq, αs

|Vcb |
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Higgs production and decay

11

• The computation of the Higgs cross sections and decay modes is an excellent example that highlights 
all of the theoretical advances needed to maximize the potential of the LHC program.

QCD@N3LO

Precision 
extraction of αS

Electroweak 
corrections at 2 

loops

PDFs@NNLO Precision 
determination of quark 

masses

Radja Boughezal @ P5 SLAC town hall

https://indico.slac.stanford.edu/event/7992/contributions/5885/attachments/2686/7697/Boughezal-P5-SLAC-2023.pdf
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• The computation of the Higgs cross sections and decay modes is an excellent example that highlights 
all of the theoretical advances needed to maximize the potential of the LHC program.

QCD@N3LO

Precision 
extraction of αS

Electroweak 
corrections at 2 

loops

PDFs@NNLO Precision 
determination of quark 

masses

Radja Boughezal @ P5 SLAC town hall

Lattice QCD inputsFuture lattice 
QCD inputs

https://indico.slac.stanford.edu/event/7992/contributions/5885/attachments/2686/7697/Boughezal-P5-SLAC-2023.pdf
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quark masses and αs

12

• Inputs to the (lattice) QCD lagrangian 
• bare quark masses, : fixed with exp. measured hadron masses, e.g.,   
• lattice spacing in physical units (scale setting):    (or  or …)  ➠  

mud, ms, mc, mb Mπ, MK, MDs
, MBs

fπ MΩ αs

ρ K K∗ η φ N Λ Σ Ξ Δ Σ
∗

Ξ
∗ Ωπ ηʹ ω0

500

1000

1500

2000

2500

(M
eV

)

D, B D
*, B

*

D s
,B s D s

* ,B s
*

Bc Bc
*

© 2013 Andreas Kronfeld/Fermi Natl Accelerator Lab.

B mesons offset by −4000 MeV

A. Kronfeld (Annu. Rev. Part. & Nucl. Sci, arXiv:1203.1204, updated)

• all other quantities are pre/post dictions 
that can be compared to experiment.  
  

• determinations of renormalized  from 
many different observables/methods:  
Wilson loops, current correlators, HQ 
potential, step scaling,… 
  

• : 
different intermediate renormalization 
schemes (nonperturbative or 
perturbative) before matching to 

αs

mq

MS
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quark masses

13

5%

1.0% 0.3%

0.6%1.5%

S. Aoki et al [FLAG 2021 review, 
arXiv:2111.09849, EPJC 2022]

Note: PDG quark mass 
listings still need to be 
adjusted. 

http://arxiv.org/abs/arXiv:2111.09849
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αs

14

30 9. Quantum Chromodynamics

–s(M2
· ) = 0.312 ± 0.015.

0.110 0.115 0.120 0.125 0.130
αs(M2

Z)
August 2021

BDP 2008-16
Boito 2018
PDG 2020
Boito 2021

τ decays
&

low Q2

Mateu 2018
Peset 2018
Narison 2018 (c ̄c)
Narison 2018 (b ̄b)
BM19 (c ̄c)
BM20 (b ̄b)

QQ
bound
states

BBG06
JR14
ABMP16
NNPDF31
CT18
MSHT20

PDF fits

ALEPH (j&s)
OPAL (j&s)
JADE (j&s)
Dissertori (3j)
JADE (3j)
Verbytskyi (2j)
Kardos (EEC)
Abbate (T)
Gehrmann (T)
Hoang (C)

  e +e −

jets
&

shapes

Klijnsma (t ̄t)
CMS (t ̄t)
H1 (jets)*
d'Enterria (W/Z)
HERA (jets)

hadron
collider

PDG 2020
Gfitter 2018  electroweak

FLAG2019 lattice

Figure 9.2: Summary of determinations of –s(M2

Z) from the seven sub-fields discussed in the
text. The yellow (light shaded) bands and dotted lines indicate the pre-average values of each
sub-field. The dashed line and blue (dark shaded) band represent the final world average value of
–s(M2

Z). The “*” symbol within the “hadron colliders” sub-field indicates a determination including
a simultaneous fit of PDFs.

11th August, 2022

0.7%

S. Aoki et al [FLAG 2021 review, arXiv:2111.09849, EPJC 2022]

J. Huston, K. Rabbertz, G. Zanderighi   
[PDG QCD review]

http://arxiv.org/abs/arXiv:2111.09849
https://pdg.lbl.gov/2022/reviews/rpp2022-rev-qcd.pdf
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The role of (lattice) QCD in precision physics 
Introduction to lattice QCD 
Success stories: two examples 

•  

• inputs for Higgs decay rates ( ) 
Puzzles: two examples 
• hadronic corrections to muon g-2 

•  
Summary and Outlook

Bs,d → μμ
mq, αs

|Vcb |
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Muon g-2: experiment vs theory

16

aSMµ = aQED

µ + aWeak

µ + aHVP

µ + aHLbL

µ = 116591810 (43)⇥ 10�11

<latexit sha1_base64="hB4vaKS+KQ8Aj47zIcRslYdup8k="></latexit>

[B. Abi et al (Muon g-2 Collaboration), Phys. Rev. Lett. 124, 141801 (2021)] 

WP 2020Muon g-2 Theory 
Initiative

https://doi.org/10.1103/PhysRevLett.126.141801
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Muon g-2: SM contributions

17

aµ = aµ(QED) + aµ(EW) + aµ(hadronic)

<latexit sha1_base64="ukHmy76qPwlDiPWpui1oZda0TB8=">AAACL3icbZDLSgMxFIYzXmu9jbp0EyxCRSgzUtGNUNSKyxbsBdoyZDJpG5pkhiQjlKFv5MZX6UZEEbe+hWk7C9t6IOTn+88hOb8fMaq047xbK6tr6xubma3s9s7u3r59cFhXYSwxqeGQhbLpI0UYFaSmqWakGUmCuM9Iwx/cTfzGM5GKhuJJDyPS4agnaJdipA3y7AfktXkMb+DszidtyWG1fD86g+dzrNxYQn0UyFBQbAzPzjkFZ1pwWbipyIG0Kp49bgchjjkRGjOkVMt1It1JkNQUMzLKtmNFIoQHqEdaRgrEieok031H8NSQAHZDaY7QcEr/TiSIKzXkvunkSPfVojeB/3mtWHevOwkVUayJwLOHujGDOoST8GBAJcGaDY1AWFLzV4j7SCKsTcRZE4K7uPKyqF8U3GLhslrMlW7TODLgGJyAPHDBFSiBR1ABNYDBCxiDD/BpvVpv1pf1PWtdsdKZIzBX1s8vvYil5A==</latexit>
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HLbL

aEW
µ = 153.6 (1.0)⇥ 10�11

<latexit sha1_base64="h19OLW6lqQS/KfK0kDqVsJ1iWoA=">AAACGHicbVDLSgMxFM34rPVVdekmWIQKOk60vhZCUQSXFewDOm3JpJk2NJkZkoxQhn6GG3/FjQtF3Hbn35g+Ftp64MLhnHu59x4v4kxpx/m25uYXFpeWUyvp1bX1jc3M1nZZhbEktERCHsqqhxXlLKAlzTSn1UhSLDxOK173duhXnqhULAwedS+idYHbAfMZwdpIzcwxbroibiSuFPCu0ofXEJ2d2ufuYQ7ZzgFMQ1czQRVETiM5QqjfzGQd2xkBzhI0IVkwQbGZGbitkMSCBppwrFQNOZGuJ1hqRjjtp91Y0QiTLm7TmqEBNtvqyeixPtw3Sgv6oTQVaDhSf08kWCjVE57pFFh31LQ3FP/zarH2L+sJC6JY04CMF/kxhzqEw5Rgi0lKNO8Zgolk5lZIOlhiok2WaRMCmn55lpRPbJS3rx7y2cLNJI4U2AV7IAcQuAAFcA+KoAQIeAav4B18WC/Wm/VpfY1b56zJzA74A2vwA9vIm+g=</latexit>

6845 (40) × 10−11

92 (18) × 10−11

aQED
µ (↵(Cs)) = 116 584 718.9 (1)⇥ 10�11

<latexit sha1_base64="jslMJiAKjL0WKnE49hRQIicInxE="></latexit>

QED

EW

α2
+…

+…

+…

+…

α3

0.01 ppm

0.001 ppm

0.34 ppm

0.15 ppm

[0.6%]

[20%]

HVP

Hadronic 
corrections

(5 loops)

(2 loops)

(NNLO)

(NLO)
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Hadronic Corrections: Comparisons
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In 2020 WP:  
Conservative merging procedure to obtain a realistic 
assessment of the underlying uncertainties: 

• account for tensions between data sets 
• account for differences in methodologies for compilation 

of experimental inputs 
• include correlations between systematic errors 
• cross checks from unitarity & analyticity constraints 

[Colangelo et al, 2018;  Anantharayan et al, 2018; Davier et al, 2019;  
Hoferichter et al, 2019] 

• Full NLO radiative corrections  [Campanario et al, 2019]

HVP: data-driven
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New: from CMD-3 [F. Ignatov et al, arXiv:2302.08834]

A new puzzle! 
• discrepancies between experiments now   

this needs to be understood/resolved  

• (virtual) scientific seminar + discussion panel on CMD-3 measurement 
March 27 (8:00 –11:00 am US CDT)  
Discussions are continuing! 

• 6th Muon g-2 Theory Initiative workshop (4-8 Sep 2023, Bern)

≳ (3 − 5) σ

= 693.1 (4.0) × 10−10

Further comparisons

M. Davier HVPdisp discussion KEK June 29 2021 2

• Comparing aP [S+S-] integrals in U peak region
• Choose full range of SND20 [0.525-0.883] GeV to 

compare to other experiments covering this range

• Computing average of SND20 with 
either BABAR or KLOE

• SND20 more consistent with BABAR

[M. Davier @ 
KEK workshop] 

aHVP,LO
μ = 693.1 (2.8)exp (0.7)DV+pQCD (2.8)BaBar−KLOE × 10−10

see appendix

https://arxiv.org/abs/2302.08834
https://indico.fnal.gov/event/59052/
https://indico.cern.ch/event/1258310/
https://kds.kek.jp/event/26780/overview
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Ongoing work on experimental inputs: 
• BaBar: new analysis of large data set in  channel, also , other 

channels, other channels 
• KLOE: new analysis of large data in  channel, other channels 
• SND: new results for  channel, other channels in progress 
• BESIII: new results in 2021 for  channel, continued analysis also for 

, other channels 
• Belle II: arXiv:2207.06307 (Snowmass WP) 

Better statistics than BaBar or KLOE; similar or better systematics for low-
energy cross sections  

• Most collaborations proceeding with blind analyses 

ππ πππ

ππ
ππ

ππ
πππ

= 693.1 (4.0) × 10−10

Further comparisons

M. Davier HVPdisp discussion KEK June 29 2021 2

• Comparing aP [S+S-] integrals in U peak region
• Choose full range of SND20 [0.525-0.883] GeV to 

compare to other experiments covering this range

• Computing average of SND20 with 
either BABAR or KLOE

• SND20 more consistent with BABAR

[M. Davier @ 
KEK workshop] 

aHVP,LO
μ = 693.1 (2.8)exp (0.7)DV+pQCD (2.8)BaBar−KLOE × 10−10

Ongoing work on theoretical aspects: 
• Developing NNLO Monte Carlo generators (STRONG 2020 workshop https://

agenda.infn.it/event/28089/)  [➠ appendix]  
• radiative corrections using FsQED (scalar QED + pion form factor)  
• charge asymmetry (CMD-3 measurement) vs radiative corrections [Ignatov + 

Lee, arXiv:2204.12235] 

• development of new dispersive treatment of radiative corrections in  
channel [Colangelo at al, arXiv2207.03495]   

• including  decay data: requires nonperturbative evaluation of IB correction  
[M. Bruno et al, arXiv:1811.00508]

ππ

τ

https://arxiv.org/abs/2207.06307
https://kds.kek.jp/event/26780/overview
https://agenda.infn.it/event/28089/
https://agenda.infn.it/event/28089/
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In 2020 WP:  
Lattice HVP average at total uncertainty: 

   
BMW 20 (published in 2021)  
first LQCD calculation with sub-percent ( ) error 
in tension with data-driven HVP ( ) 
Further tensions for intermediate window 
 
 
 
 
 
 
 
 
-  tension with data-driven evaluation  
-  tension with RBC/UKQCD18

2.6 %
aHVP,LO

μ = 711.6 (18.4) × 1010

0.8 %
2.1σ

3.7σ
2.2σ

HVP: lattice
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aHVP,LO
µ =

⇣↵
⇡

⌘2
Z 1

0
dt w̃(t)C(t)

<latexit sha1_base64="bwdIsym4glyVPgnTM0fRxWwPX2s="></latexit>

Hartmut	Wittig

Window	observables

4

Restrict	integra3on	over	Euclidean	3me	to	sub-intervals	
		 		reduce/enhance	sensi3vity	to	systema3c	effects→
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◆2 Z 1

0
dt K̃(t) G(t) W(t; t0, t1)

Short	distance:
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Intermediate	distance:
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W ID(t; t0, t1) = ⇥(t, t0,�) � ⇥(t, t1,�)
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WLD(t; t1) = ⇥(t, t1,�)Long	distance:

• Precision	test	of	different	laKce	calcula3ons	

• Comparison	with	corresponding	 -ra3o	es3mateR

Intermediate	window:
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⇤
Step	func3on:

“Standard”	window	quan33es:
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t0 = 0.4 fm, t1 = 1.0 fm, � = 0.15 fm

H. Wittig @ Lattice 2021

t0 = 0.4 fm, t1 = 1.0 fm

Window observable

restrict correlator to window
0.4 � 1.0 fm [RBC/UKQCD’18]

fewer difficulties
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Use windows in Euclidean time to consider the different time regions 
separately. [T. Blum et al, arXiv:1801.07224, 2018 PRL] 

 
Short Distance (SD)       
Intermediate (W)           
Long Distance (LD)        
 
 
  
disentangle systematics/statistics from long distance/FV and 
discretization effects  
intermediate window: easy to compute in lattice QCD  
Euclidean windows are also straightforward to evaluate in disperse 
approach  
Internal cross check:  compute each window separately (in continuum, 
infinite volume limits,…) and combine:

t : 0 → t0
t : t0 → t1
t : t1 → ∞
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What the hell is going on with HVP?
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Mainz 2022

R-ratio data

RBC/UKQCD 2022

ETMC 2022

ETMC 2021

FNAL/HPQCD/MILC 2022

aHVP, win

µ ⇥ 1010

In this talk: no new answers, but old ones to frequently asked questions, and some

more perspectives

M. Hoferichter (Institute for Theoretical Physics) Dispersive determination of HVP in the muon g � 2 Sep 23, 2022 2

R-ratio data [Colangelo et al, arXiv:2205:12963]

compiled by M. Hoferichter
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first LQCD calculation with sub-percent ( ) error 
in tension with data-driven HVP ( ) 
Further tensions for intermediate window: 
 
 
 
 
 
 
 
 
 
 

2.6 %
aHVP,LO

μ = 711.6 (18.4) × 1010

0.8 %
2.1σ

HVP: lattice
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new results in 2022/23 for intermediate  window,   from six different 
lattice groups.  
Most recently announced unblinded results by RBC/UKQCD and 
Fermilab/HPQCD/MILC 
lattice-only comparison of light-quark connected contribution to 
intermediate window:

aW
μ

What the hell is going on with HVP?

230 235 240 245

BMW 2020

RBC/UKQCD 2018

Mainz 2022

R-ratio data

RBC/UKQCD 2022

ETMC 2022

ETMC 2021

FNAL/HPQCD/MILC 2022

aHVP, win

µ ⇥ 1010

In this talk: no new answers, but old ones to frequently asked questions, and some

more perspectives

M. Hoferichter (Institute for Theoretical Physics) Dispersive determination of HVP in the muon g � 2 Sep 23, 2022 2

R-ratio data [Colangelo et al, arXiv:2205:12963]

compiled by M. Hoferichter

L 

a 

x 

200 202 204 206 208 210 212

RBC/UKQCD 18

Aubin et al . 19

Lehner & Meyer 20

BMW 21

¬QCD OV/DWF 22
¬QCD OV/HISQ 22

Aubin et al . 22

Mainz/CLS 22

ETMC 22

RBC/UKQCD 23

Fermilab/HPQCD/MILC 23
Fermilab/HPQCD/MILC:  
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ETM: arXiv:2206.15084 
Mainz: arXiv:2206.06582 
Aubin et al: arXiv:2204.12256 
  

QCD: arXiv:2204.01280 
  

BMW 21: arXiv:2002.12347 
L&M: arXiv:2003.04177 
  

Aubin et al: arXiv:2204.12256 
RBC/UKQCD 18: arXiv:1801.07224
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Further tensions for intermediate window: 

Note: int window ~ 1/3 of 

2.6 %
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0.8 %
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aHVP,LO
μ

HVP: lattice

24

Evaluations of short-distance windows [ETMC, RBC/UKQCD] 
Proposals for computing more windows:   

Use linear combinations of finer windows to locate the tension (if it 
persists) in     [Colangelo et al, arXiv:2205.12963] 

Use larger windows, excluding the long-distance region   to 
maximize the significance of any tension [Davies at at, arXiv:2207.04765] 

For total HVP: 
Still need independent, precise lattice results for the crucial long-
distance contribution (~2/3 of  )   ➠  coming soon! 
Including  states for refined long-distance computation  
[Mainz, RBC/UKQCD, FNAL/MILC] 

all groups plan to include smaller lattice spacings to test continuum 
extrapolations

s
t ≳ 2 fm

aHVP,LO
μ

ππ

Ongoing work:

If results are consistent, Lattice HVP (average) with errors 
feasible by ~2025

∼ 0.5 %
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Lattice QCD+QED:

RBC/UKQCD 
[T. Blum et al, arXiv:1610.04603, 2016 PRL; arXiv:1911.08123, 2020 PRL] 
QCD + QEDL  (finite volume)   
 
DWF ensembles at/near phys mass,  
a ≈ 0.08 − 0.2 fm, L ∼ 4.5 − 9.3 fm

xsrc xsnky′,σ′ z′,κ′ x′, ρ′

xop, ν

z,κ
y,σ x, ρ

xsrc xsnkz′,κ′ y′,σ′ x′, ρ′

xop, ν

z,κ y,σ x, ρ

Hadronic Light-by-light

25

Two independent and complete direct calculations of aHLbL
μ

Cross checks between RBC/UKQCD & Mainz approaches in White Paper at unphysical pion mass 
Both groups are continuing to improve their calculations, adding more statistics, lattice spacings, physical mass 
ensemble (Mainz) 
update from RBC/UKQCD [T. Blum et al, arXiv:2304.04423] using QCD+QED (inf). 

Mainz group  
[E. Chao et al, arXiv:2104.02632] 

QCD + QED (infinite volume & continuum) 
 
CLS (2+1 Wilson-clover) ensembles 
 , mπ ∼ 200 − 430 MeV a ≈ 0.05 − 0.1 fm, mπL > 4

Theory background
I O(4)-symmetry restoration of the QED kernel allows to write

ahlbl
µ = lim

|y |maxæŒ
ahlbl

µ (|y |max) , ahlbl
µ (|y |) =

⁄ |y |max

0
d |y |f (|y |) .

∆ compute the integrand f (|y |) for each |y | and get the |y |-integral using
trapezoidal rule.

I Terminology:
I Leading topologies: fully-connected, (2+2)
I Subleading topologies: (3+1), (2+1+1), (1+1+1+1)

Motivated by light pseudoscalar (PS) meson contributions and large-Nc
arguments.

I Translational invariance + change of variables ∆ compute ahlbl
µ for each

topology from only a subset of “easy" diagrams. [E.-H. Chao et al, EPJC ’20]

I Focus of this talk: the leading topologies with purely light quarks and the
(3+1) with a light quark “triangle".

0x

y

z

0y

z

x
0y

z

x
0y

z

x 0 y

z

x

En-Hung Chao (JGU Mainz) ahlbl
µ from LQCD: a complete calculation 3 / 9

Lattice HLbL results with  total uncertainty feasible by ~202510 %
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x 

http://arxiv.org/abs/arXiv:1911.08123
https://arxiv.org/abs/2104.02632
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w = vB · vD⇤
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f+ BCL fit

f+ HPQCD 15

f+ FNAL/MILC 15C

f0 HPQCD 15

f0 FNAL/MILC 15C

BaBar 2009

Belle 2016

HPQCD [arXiv:1505.03925, PRD 2015]

FNAL/MILC [arXiv:1503.07237, PRD 2015]

• shape of LQCD form factor agrees with experiment 

• fit LQCD form factors together with experimental data 
to determine  

• The form factors obtained from the combined exp/
lattice fit are well determined over entire recoil range. 

• Can be used for an improved SM prediction of R(D). 

|Vcb |
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w = vB · vD⇤
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• mild tensions between LQCD form factors from 
Fermilab/MILC, HPQCD, JLQCD 

• shapes of Fermilab/MILC & HPQCD form factors  in 
 tension with experimental data 

• new determinations of  and  consistent with 
previous ones. 

• new strategies for dealing with truncation effects in z-
expansion fits to LQCD form factors [Flynn et al, 
arXiv:2303.11280] 

• see talk by A. Jüttner @ LHCP (Friday, Flavor Physics)

∼ 2σ

|Vcb | R(D*)

Semileptonic B decays on the lattice: HPQCD

|Vcb|HPQCD = 39.31(74) ⇥ 10�3

|Vcb|FerMILC = 38.17(85) ⇥ 10�3

R(D⇤)HPQCD = 0.279(13)

R(D⇤)FerMILC = 0.265(13)

Fit to Belle dataset WITH the Coulomb factor

Alejandro Vaquero (Universidad de Zaragoza) B ! D⇤`⌫ from LQCD May 9
th

, 2023 31 / 35

HPQCD [arXiv:2304.03137]

FNAL/MILC [arXiv:2105.14019, EPJC 2022]

A. Vaquero CERN Flavour@TH 2023

JLQCD [arXiv:2112.13775, Lattice 2021] preliminary new Belle analysis: arXiv:2301.07529 now in hepdata

https://indico.cern.ch/event/1198609/contributions/5363365/attachments/2654187/4596246/LHCP2023_build.pdf
https://www.hepdata.net/record/ins1512299
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R(D(⇤)) =
B(B ! D(⇤)⌧⌫⌧ )

B(B ! D(⇤)`⌫)

  tension between SM and Exp.∼ 3σ
Tensions between inclusive and exclusive  

 (and ) determinations persist.|Vcb | |Vub |

0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55
R(D)

0.2

0.25

0.3

0.35

0.4

R
(D

*)

HFLAV SM Prediction
 0.004±R(D) = 0.298 
 0.005±R(D*) = 0.254 

 = 1.0 contours2χΔ

World Average
total 0.029±R(D) = 0.356 

total 0.013±R(D*) = 0.284 
 = -0.37ρ

) = 25%2χP(

HFLAV

PRELIMINARY

σ3

LHCb22LHCb23

Belle17

Belle19

Belle15
BaBar12

Average

PRD 94 (2016) 094008
PRD 95 (2017) 115008
JHEP 1712 (2017) 060
PLB 795 (2019) 386
PRL 123 (2019) 091801
EPJC 80 (2020) 2, 74
PRD 105 (2022) 034503

HFLAV

2021

HFLAV
Prelim. 2023

New LQCD results not yet included 
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Complexity

✓
fK±

fB(s)

fB!⇡
+,0,T (q

2)

B̂K

hB̄0
q |O

�B=2
i |B0

q i

h⇡⇡(I=2)|H
�S=1

|K0
i

h⇡⇡(I=0)|H
�S=1

|K0
i

�MK , ✏K

LQCD flagship 
results

First complete 
LQCD results, 

large(ish) errors 

First results, 
physical params, 

incomplete 
systematics

new methods, pilot 
projects, unphysical 
kinematics

hD̄0
|O

�C=2
i |D0

i

K+ ! ⇡+⌫⌫̄

K+ ! ⇡+`+`�

K+ ! `+⌫ (�)

…

…

other inclusive 
decay rates, 

…

new ideas, 
first studies

B → Xcℓν,

aHVP LO
µ aHLbL

µ

nucleon form factors, ..

MEs for light nuclei
<latexit sha1_base64="W+sHYUx4VRWOVf77pWouMczle5M=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK1hbaUDabSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGLZYIhLVCahGwSW2DDcCO6lCGgcC28HoZuq3n1BpnsgHM07Rj+lA8ogzaqx0H/Zlv1pz6+4MZJl4BalBgWa/+tULE5bFKA0TVOuu56bGz6kynAmcVHqZxpSyER1g11JJY9R+Pjt1Qk6sEpIoUbakITP190ROY63HcWA7Y2qGetGbiv953cxEV37OZZoZlGy+KMoEMQmZ/k1CrpAZMbaEMsXtrYQNqaLM2HQqNgRv8eVl8nhW9y7q3t15rXFdxFGGIziGU/DgEhpwC01oAYMBPMMrvDnCeXHenY95a8kpZg7hD5zPH0ukjc8=</latexit>

dn

<latexit sha1_base64="SQLBDaxwDrbvuvkf5PVMQ9f6U0A=">AAACAHicbVBNSwMxFHxbv2r9qnrw4CVYBE9lV0Q9FvXgsYK1he6yZNNsG5pklyQrlKUX/4oXD4p49Wd489+YtnvQ1oHAMPMeLzNRypk2rvvtlJaWV1bXyuuVjc2t7Z3q7t6DTjJFaIskPFGdCGvKmaQtwwynnVRRLCJO29HweuK3H6nSLJH3ZpTSQOC+ZDEj2FgprB7chBr5JkE+5Rz5MkN+HwuBw2rNrbtToEXiFaQGBZph9cvvJSQTVBrCsdZdz01NkGNlGOF0XPEzTVNMhrhPu5ZKLKgO8mmAMTq2Sg/FibJPGjRVf2/kWGg9EpGdFNgM9Lw3Ef/zupmJL4OcyTQzVJLZoTjjyAaetIF6TFFi+MgSTBSzf0VkgBUmxnZWsSV485EXycNp3Tuve3dntcZVUUcZDuEITsCDC2jALTShBQTG8Ayv8OY8OS/Ou/MxGy05xc4+/IHz+QNhDZWj</latexit>

Ds ! `⌫�

PDFs, GPDs, TMDs,..
⟨NN |Oi |NN⟩

,…

<latexit sha1_base64="VXfpBaB0/T9w3zXIrlc1RdibslM=">AAACAnicbVC7SgNBFL3rM8ZX1EpsBoNgIWFXRC1DbCwjmAdklzA7uZsMmZ1dZmaFEIKNv2JjoYitX2Hn3zh5FJp44MLhnHuZOSdMBdfGdb+dpeWV1bX13EZ+c2t7Z7ewt1/XSaYY1lgiEtUMqUbBJdYMNwKbqUIahwIbYf9m7DceUGmeyHszSDGIaVfyiDNqrNQuHFaIbxLip3w6Z8RHIYgvs3ah6JbcCcgi8WakCDNU24Uvv5OwLEZpmKBatzw3NcGQKsOZwFHezzSmlPVpF1uWShqjDoaTCCNyYpUOiRJlRxoyUX9fDGms9SAO7WZMTU/Pe2PxP6+Vmeg6GHKZZgYlmz4UZYLY0OM+SIcrZEYMLKFMcftXwnpUUWZsa3lbgjcfeZHUz0veZcm7uyiWK7M6cnAEx3AKHlxBGW6hCjVg8AjP8ApvzpPz4rw7H9PVJWd2cwB/4Hz+ALGclbY=</latexit>

B ! ⇡⇡ `⌫

<latexit sha1_base64="NX6FoPm3Dux2QUQkXt5FBFmhtKE=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE1GPRi8cK9gOaUDbbTbt0sxt2N4US+k+8eFDEq//Em//GbZqDVh8MPN6bYWZelHKmjed9OZW19Y3Nrep2bWd3b//APTzqaJkpQttEcql6EdaUM0HbhhlOe6miOIk47UaTu4XfnVKlmRSPZpbSMMEjwWJGsLHSwHWDlKGijESBGsuBW/caXgH0l/glqUOJ1sD9DIaSZAkVhnCsdd/3UhPmWBlGOJ3XgkzTFJMJHtG+pQInVId5cfkcnVlliGKpbAmDCvXnRI4TrWdJZDsTbMZ61VuI/3n9zMQ3Yc5EmhkqyHJRnHFkv1zEgIZMUWL4zBJMFLO3IjLGChNjw6rZEPzVl/+SzkXDv2r4D5f15m0ZRxVO4BTOwYdraMI9tKANBKbwBC/w6uTOs/PmvC9bK045cwy/4Hx8A5pVkv8=</latexit>

⇡⇡ ! ⇢

➠

,…
<latexit sha1_base64="/s2o5heOAcXHCa9fE1mCJ1A/l9w=">AAACFXicbVDLSgMxFM3UV62vUZdugkUQrGVGRF0W3QhuKtgHdMaSSTNtaJIZkoxQhv6EG3/FjQtF3Aru/BvT6Sy09UJyD+fcS3JOEDOqtON8W4WFxaXlleJqaW19Y3PL3t5pqiiRmDRwxCLZDpAijArS0FQz0o4lQTxgpBUMryZ664FIRSNxp0cx8TnqCxpSjLShunbFiyn0dAQ9wtj9UXYfV6BXgTdTuo84R3nr2mWn6mQF54GbgzLIq961v7xehBNOhMYMKdVxnVj7KZKaYkbGJS9RJEZ4iPqkY6BAnCg/zVyN4YFhejCMpDlCw4z9vZEirtSIB2aSIz1Qs9qE/E/rJDq88FMq4kQTgacPhQmDxu4kItijkmDNRgYgLKn5K8QDJBHWJsiSCcGdtTwPmidV96zq3p6Wa5d5HEWwB/bBIXDBOaiBa1AHDYDBI3gGr+DNerJerHfrYzpasPKdXfCnrM8fOyqc/w==</latexit>

⇡ ! `+`�, K ! ��

<latexit sha1_base64="k33QJCk3nwlGs4MtzHaEDCPNeFA=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KCURUZdVNy4r9gVtCJPpJB06eTAzEUKov+LGhSJu/RB3/o3TNgttPXC5h3PuZe4cL+FMKsv6NlZW19Y3Nktb5e2d3b198+CwI+NUENomMY9Fz8OSchbRtmKK014iKA49Trve+Hbqdx+pkCyOWipLqBPiIGI+I1hpyTUrgXtdQ4MaCtxW0R9cs2rVrRnQMrELUoUCTdf8GgxjkoY0UoRjKfu2lSgnx0IxwumkPEglTTAZ44D2NY1wSKWTz46foBOtDJEfC12RQjP190aOQymz0NOTIVYjuehNxf+8fqr8KydnUZIqGpH5Q37KkYrRNAk0ZIISxTNNMBFM34rICAtMlM6rrEOwF7+8TDpndfuibt+fVxs3RRwlOIJjOAUbLqEBd9CENhDI4Ble4c14Ml6Md+NjPrpiFDsV+APj8wc58JKR</latexit>gA, gT , gS

,…

<latexit sha1_base64="iJrtMhTVf7vj8RUQMIvrNj4AgT0=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARKpYyU0RdlurCZYW+oJ0OmTTThmYyY5IRylA3/oobF4q49S/c+Tem7Sy0eiBwOOdebs7xIkalsqwvI7O0vLK6ll3PbWxube+Yu3tNGcYCkwYOWSjaHpKEUU4aiipG2pEgKPAYaXmjq6nfuidC0pDX1TgiToAGnPoUI6Ul1zzwe0m1q0J4PXGT06JVrE9g4a5XPnHNvFWyZoB/iZ2SPEhRc83Pbj/EcUC4wgxJ2bGtSDkJEopiRia5bixJhPAIDUhHU44CIp1klmACj7XSh34o9OMKztSfGwkKpBwHnp4MkBrKRW8q/ud1YuVfOgnlUawIx/NDfsygTjytA/apIFixsSYIC6r/CvEQCYSVLi2nS7AXI/8lzXLJPi/Zt2f5SjWtIwsOwREoABtcgAq4ATXQABg8gCfwAl6NR+PZeDPe56MZI93ZB79gfHwDo1WVEg==</latexit>

fB!D
+,0,T (q2)

<latexit sha1_base64="8idZ6YEWYLfYFdHscr4b+wD/tbo=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16CRahXkpSRD0WvQheKtgPaNKy2W7apZtN3N0oJfanePGgiFd/iTf/jds2B219MPB4b4aZeX7MqFS2/W3kVlbX1jfym4Wt7Z3dPbO435RRIjBp4IhFou0jSRjlpKGoYqQdC4JCn5GWP7qa+q0HIiSN+J0ax8QL0YDTgGKktNQzi0E3vXFVZLkxnZTvu9WTnlmyK/YM1jJxMlKCDPWe+eX2I5yEhCvMkJQdx46VlyKhKGZkUnATSWKER2hAOppyFBLppbPTJ9axVvpWEAldXFkz9fdEikIpx6GvO0OkhnLRm4r/eZ1EBRdeSnmcKMLxfFGQMEu/Os3B6lNBsGJjTRAWVN9q4SESCCudVkGH4Cy+vEya1YpzVnFuT0u1yyyOPBzCEZTBgXOowTXUoQEYHuEZXuHNeDJejHfjY96aM7KZA/gD4/MHKEGTSA==</latexit>

fK!⇡(q2) ,…

<latexit sha1_base64="mH1xo+vsTJY973kO5PijeuNLwBY=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFcFHqjIi6LLpxWcFeoB2GTCZtQ5PMkItQhoIbX8WNC0Xc+hLufBvTdhba+kPg4z/ncHL+KGVUac/7dgpLyyura8X10sbm1vaOu7vXVImRmDRwwhLZjpAijArS0FQz0k4lQTxipBUNbyb11gORiibiXo9SEnDUF7RHMdLWCt0DHmYmHldgtwJ5aE55GOesQrfsVb2p4CL4OZRBrnrofnXjBBtOhMYMKdXxvVQHGZKaYkbGpa5RJEV4iPqkY1EgTlSQTW8Yw2PrxLCXSPuEhlP390SGuFIjHtlOjvRAzdcm5n+1jtG9qyCjIjWaCDxb1DMM6gROAoExlQRrNrKAsKT2rxAPkERY29hKNgR//uRFaJ5V/Yuqf3derl3ncRTBITgCJ8AHl6AGbkEdNAAGj+AZvII358l5cd6dj1lrwcln9sEfOZ8/bnKWGQ==</latexit>

mud, mu/md, ms
<latexit sha1_base64="ZKvsImjWyEi2hfDXnMctn3dkafw=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBQymJiHosevFYwX5AGsJmu2mX7mbD7kYooT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMi1LOtHHdb6e0tr6xuVXeruzs7u0fVA+POlpmitA2kVyqXoQ15SyhbcMMp71UUSwiTrvR+G7md5+o0kwmj2aS0kDgYcJiRrCxki9CUkf9OhJhFFZrbsOdA60SryA1KNAKq1/9gSSZoIkhHGvte25qghwrwwin00o/0zTFZIyH1Lc0wYLqIJ+fPEVnVhmgWCpbiUFz9fdEjoXWExHZToHNSC97M/E/z89MfBPkLEkzQxOyWBRnHBmJZv+jAVOUGD6xBBPF7K2IjLDCxNiUKjYEb/nlVdK5aHhXDe/hsta8LeIowwmcwjl4cA1NuIcWtIGAhGd4hTfHOC/Ou/OxaC05xcwx/IHz+QO7a5A/</latexit>mc, mb

<latexit sha1_base64="DVYM40zeqcV/Aozrjm9ZcatOv+g=">AAACBXicbVA7T8MwGHTKq5RXgBEGiwqpLFWCEDBWsLAgFUEfUhNFjuu0Vu0ksh2kEmVh4a+wMIAQK/+BjX+D02aAlpMsne7us/2dHzMqlWV9G6WFxaXllfJqZW19Y3PL3N5pyygRmLRwxCLR9ZEkjIakpahipBsLgrjPSMcfXeZ+554ISaPwTo1j4nI0CGlAMVJa8sx9B7F4iLzUiXQsvyW9vs0yWOPew5FnVq26NQGcJ3ZBqqBA0zO/nH6EE05ChRmSsmdbsXJTJBTFjGQVJ5EkRniEBqSnaYg4kW462SKDh1rpwyAS+oQKTtTfEyniUo65r5McqaGc9XLxP6+XqODcTWkYJ4qEePpQkDCoIphXAvtUEKzYWBOEBdV/hXiIBMJKF1fRJdizK8+T9nHdPq3bNyfVxkVRRxnsgQNQAzY4Aw1wBZqgBTB4BM/gFbwZT8aL8W58TKMlo5jZBX9gfP4AgtKYkQ==</latexit>

↵MS(mz)
<latexit sha1_base64="3lB+BQnp6ljBY7sf6GsinOCmB48=">AAACGnicbZDLSsNAFIYn9VbrLerSzWARKkhJRNRl0Y0LFxXsBZpQJtPTduhkEmYmQgl9Dje+ihsXirgTN76N0zaKtv4w8PGfczhz/iDmTGnH+bRyC4tLyyv51cLa+sbmlr29U1dRIinUaMQj2QyIAs4E1DTTHJqxBBIGHBrB4HJcb9yBVCwSt3oYgx+SnmBdRok2Vtt2vWvT3CHtAHs6wqX4CH879AcPsWcYOMeeSNp20Sk7E+F5cDMookzVtv3udSKahCA05USpluvE2k+J1IxyGBW8REFM6ID0oGVQkBCUn05OG+ED43RwN5LmCY0n7u+JlIRKDcPAdIZE99VsbWz+V2slunvup0zEiQZBp4u6CccmhHFOuMMkUM2HBgiVzPwV0z6RhGqTZsGE4M6ePA/147J7WnZvToqViyyOPNpD+6iEXHSGKugKVVENUXSPHtEzerEerCfr1XqbtuasbGYX/ZH18QVRXZ6N</latexit>

⇤b ! (p,⇤c,⇤) `⌫



A. El-Khadra LHCP 2023, 22-26 May 2023

Summary & Outlook

29

Complexity

✓
fK±

fB(s)

fB!⇡
+,0,T (q

2)

B̂K

hB̄0
q |O

�B=2
i |B0

q i

h⇡⇡(I=2)|H
�S=1

|K0
i

h⇡⇡(I=0)|H
�S=1

|K0
i

�MK , ✏K

LQCD flagship 
results

First complete 
LQCD results, 

large(ish) errors 

First results, 
physical params, 

incomplete 
systematics

new methods, pilot 
projects, unphysical 
kinematics

hD̄0
|O

�C=2
i |D0

i

K+ ! ⇡+⌫⌫̄

K+ ! ⇡+`+`�

K+ ! `+⌫ (�)

…

…

other inclusive 
decay rates, 

…

new ideas, 
first studies

B → Xcℓν,

aHVP LO
µ aHLbL

µ

nucleon form factors, ..

MEs for light nuclei
<latexit sha1_base64="W+sHYUx4VRWOVf77pWouMczle5M=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK1hbaUDabSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGLZYIhLVCahGwSW2DDcCO6lCGgcC28HoZuq3n1BpnsgHM07Rj+lA8ogzaqx0H/Zlv1pz6+4MZJl4BalBgWa/+tULE5bFKA0TVOuu56bGz6kynAmcVHqZxpSyER1g11JJY9R+Pjt1Qk6sEpIoUbakITP190ROY63HcWA7Y2qGetGbiv953cxEV37OZZoZlGy+KMoEMQmZ/k1CrpAZMbaEMsXtrYQNqaLM2HQqNgRv8eVl8nhW9y7q3t15rXFdxFGGIziGU/DgEhpwC01oAYMBPMMrvDnCeXHenY95a8kpZg7hD5zPH0ukjc8=</latexit>

dn

<latexit sha1_base64="SQLBDaxwDrbvuvkf5PVMQ9f6U0A=">AAACAHicbVBNSwMxFHxbv2r9qnrw4CVYBE9lV0Q9FvXgsYK1he6yZNNsG5pklyQrlKUX/4oXD4p49Wd489+YtnvQ1oHAMPMeLzNRypk2rvvtlJaWV1bXyuuVjc2t7Z3q7t6DTjJFaIskPFGdCGvKmaQtwwynnVRRLCJO29HweuK3H6nSLJH3ZpTSQOC+ZDEj2FgprB7chBr5JkE+5Rz5MkN+HwuBw2rNrbtToEXiFaQGBZph9cvvJSQTVBrCsdZdz01NkGNlGOF0XPEzTVNMhrhPu5ZKLKgO8mmAMTq2Sg/FibJPGjRVf2/kWGg9EpGdFNgM9Lw3Ef/zupmJL4OcyTQzVJLZoTjjyAaetIF6TFFi+MgSTBSzf0VkgBUmxnZWsSV485EXycNp3Tuve3dntcZVUUcZDuEITsCDC2jALTShBQTG8Ayv8OY8OS/Ou/MxGy05xc4+/IHz+QNhDZWj</latexit>

Ds ! `⌫�

PDFs, GPDs, TMDs,..
⟨NN |Oi |NN⟩

,…

<latexit sha1_base64="VXfpBaB0/T9w3zXIrlc1RdibslM=">AAACAnicbVC7SgNBFL3rM8ZX1EpsBoNgIWFXRC1DbCwjmAdklzA7uZsMmZ1dZmaFEIKNv2JjoYitX2Hn3zh5FJp44MLhnHuZOSdMBdfGdb+dpeWV1bX13EZ+c2t7Z7ewt1/XSaYY1lgiEtUMqUbBJdYMNwKbqUIahwIbYf9m7DceUGmeyHszSDGIaVfyiDNqrNQuHFaIbxLip3w6Z8RHIYgvs3ah6JbcCcgi8WakCDNU24Uvv5OwLEZpmKBatzw3NcGQKsOZwFHezzSmlPVpF1uWShqjDoaTCCNyYpUOiRJlRxoyUX9fDGms9SAO7WZMTU/Pe2PxP6+Vmeg6GHKZZgYlmz4UZYLY0OM+SIcrZEYMLKFMcftXwnpUUWZsa3lbgjcfeZHUz0veZcm7uyiWK7M6cnAEx3AKHlxBGW6hCjVg8AjP8ApvzpPz4rw7H9PVJWd2cwB/4Hz+ALGclbY=</latexit>

B ! ⇡⇡ `⌫

<latexit sha1_base64="NX6FoPm3Dux2QUQkXt5FBFmhtKE=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE1GPRi8cK9gOaUDbbTbt0sxt2N4US+k+8eFDEq//Em//GbZqDVh8MPN6bYWZelHKmjed9OZW19Y3Nrep2bWd3b//APTzqaJkpQttEcql6EdaUM0HbhhlOe6miOIk47UaTu4XfnVKlmRSPZpbSMMEjwWJGsLHSwHWDlKGijESBGsuBW/caXgH0l/glqUOJ1sD9DIaSZAkVhnCsdd/3UhPmWBlGOJ3XgkzTFJMJHtG+pQInVId5cfkcnVlliGKpbAmDCvXnRI4TrWdJZDsTbMZ61VuI/3n9zMQ3Yc5EmhkqyHJRnHFkv1zEgIZMUWL4zBJMFLO3IjLGChNjw6rZEPzVl/+SzkXDv2r4D5f15m0ZRxVO4BTOwYdraMI9tKANBKbwBC/w6uTOs/PmvC9bK045cwy/4Hx8A5pVkv8=</latexit>

⇡⇡ ! ⇢

➠

,…
<latexit sha1_base64="/s2o5heOAcXHCa9fE1mCJ1A/l9w=">AAACFXicbVDLSgMxFM3UV62vUZdugkUQrGVGRF0W3QhuKtgHdMaSSTNtaJIZkoxQhv6EG3/FjQtF3Aru/BvT6Sy09UJyD+fcS3JOEDOqtON8W4WFxaXlleJqaW19Y3PL3t5pqiiRmDRwxCLZDpAijArS0FQz0o4lQTxgpBUMryZ664FIRSNxp0cx8TnqCxpSjLShunbFiyn0dAQ9wtj9UXYfV6BXgTdTuo84R3nr2mWn6mQF54GbgzLIq961v7xehBNOhMYMKdVxnVj7KZKaYkbGJS9RJEZ4iPqkY6BAnCg/zVyN4YFhejCMpDlCw4z9vZEirtSIB2aSIz1Qs9qE/E/rJDq88FMq4kQTgacPhQmDxu4kItijkmDNRgYgLKn5K8QDJBHWJsiSCcGdtTwPmidV96zq3p6Wa5d5HEWwB/bBIXDBOaiBa1AHDYDBI3gGr+DNerJerHfrYzpasPKdXfCnrM8fOyqc/w==</latexit>

⇡ ! `+`�, K ! ��

<latexit sha1_base64="k33QJCk3nwlGs4MtzHaEDCPNeFA=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KCURUZdVNy4r9gVtCJPpJB06eTAzEUKov+LGhSJu/RB3/o3TNgttPXC5h3PuZe4cL+FMKsv6NlZW19Y3Nktb5e2d3b198+CwI+NUENomMY9Fz8OSchbRtmKK014iKA49Trve+Hbqdx+pkCyOWipLqBPiIGI+I1hpyTUrgXtdQ4MaCtxW0R9cs2rVrRnQMrELUoUCTdf8GgxjkoY0UoRjKfu2lSgnx0IxwumkPEglTTAZ44D2NY1wSKWTz46foBOtDJEfC12RQjP190aOQymz0NOTIVYjuehNxf+8fqr8KydnUZIqGpH5Q37KkYrRNAk0ZIISxTNNMBFM34rICAtMlM6rrEOwF7+8TDpndfuibt+fVxs3RRwlOIJjOAUbLqEBd9CENhDI4Ble4c14Ml6Md+NjPrpiFDsV+APj8wc58JKR</latexit>gA, gT , gS

,…

<latexit sha1_base64="iJrtMhTVf7vj8RUQMIvrNj4AgT0=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARKpYyU0RdlurCZYW+oJ0OmTTThmYyY5IRylA3/oobF4q49S/c+Tem7Sy0eiBwOOdebs7xIkalsqwvI7O0vLK6ll3PbWxube+Yu3tNGcYCkwYOWSjaHpKEUU4aiipG2pEgKPAYaXmjq6nfuidC0pDX1TgiToAGnPoUI6Ul1zzwe0m1q0J4PXGT06JVrE9g4a5XPnHNvFWyZoB/iZ2SPEhRc83Pbj/EcUC4wgxJ2bGtSDkJEopiRia5bixJhPAIDUhHU44CIp1klmACj7XSh34o9OMKztSfGwkKpBwHnp4MkBrKRW8q/ud1YuVfOgnlUawIx/NDfsygTjytA/apIFixsSYIC6r/CvEQCYSVLi2nS7AXI/8lzXLJPi/Zt2f5SjWtIwsOwREoABtcgAq4ATXQABg8gCfwAl6NR+PZeDPe56MZI93ZB79gfHwDo1WVEg==</latexit>

fB!D
+,0,T (q2)

<latexit sha1_base64="8idZ6YEWYLfYFdHscr4b+wD/tbo=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16CRahXkpSRD0WvQheKtgPaNKy2W7apZtN3N0oJfanePGgiFd/iTf/jds2B219MPB4b4aZeX7MqFS2/W3kVlbX1jfym4Wt7Z3dPbO435RRIjBp4IhFou0jSRjlpKGoYqQdC4JCn5GWP7qa+q0HIiSN+J0ax8QL0YDTgGKktNQzi0E3vXFVZLkxnZTvu9WTnlmyK/YM1jJxMlKCDPWe+eX2I5yEhCvMkJQdx46VlyKhKGZkUnATSWKER2hAOppyFBLppbPTJ9axVvpWEAldXFkz9fdEikIpx6GvO0OkhnLRm4r/eZ1EBRdeSnmcKMLxfFGQMEu/Os3B6lNBsGJjTRAWVN9q4SESCCudVkGH4Cy+vEya1YpzVnFuT0u1yyyOPBzCEZTBgXOowTXUoQEYHuEZXuHNeDJejHfjY96aM7KZA/gD4/MHKEGTSA==</latexit>

fK!⇡(q2) ,…

<latexit sha1_base64="mH1xo+vsTJY973kO5PijeuNLwBY=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFcFHqjIi6LLpxWcFeoB2GTCZtQ5PMkItQhoIbX8WNC0Xc+hLufBvTdhba+kPg4z/ncHL+KGVUac/7dgpLyyura8X10sbm1vaOu7vXVImRmDRwwhLZjpAijArS0FQz0k4lQTxipBUNbyb11gORiibiXo9SEnDUF7RHMdLWCt0DHmYmHldgtwJ5aE55GOesQrfsVb2p4CL4OZRBrnrofnXjBBtOhMYMKdXxvVQHGZKaYkbGpa5RJEV4iPqkY1EgTlSQTW8Yw2PrxLCXSPuEhlP390SGuFIjHtlOjvRAzdcm5n+1jtG9qyCjIjWaCDxb1DMM6gROAoExlQRrNrKAsKT2rxAPkERY29hKNgR//uRFaJ5V/Yuqf3derl3ncRTBITgCJ8AHl6AGbkEdNAAGj+AZvII358l5cd6dj1lrwcln9sEfOZ8/bnKWGQ==</latexit>

mud, mu/md, ms
<latexit sha1_base64="ZKvsImjWyEi2hfDXnMctn3dkafw=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBQymJiHosevFYwX5AGsJmu2mX7mbD7kYooT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMi1LOtHHdb6e0tr6xuVXeruzs7u0fVA+POlpmitA2kVyqXoQ15SyhbcMMp71UUSwiTrvR+G7md5+o0kwmj2aS0kDgYcJiRrCxki9CUkf9OhJhFFZrbsOdA60SryA1KNAKq1/9gSSZoIkhHGvte25qghwrwwin00o/0zTFZIyH1Lc0wYLqIJ+fPEVnVhmgWCpbiUFz9fdEjoXWExHZToHNSC97M/E/z89MfBPkLEkzQxOyWBRnHBmJZv+jAVOUGD6xBBPF7K2IjLDCxNiUKjYEb/nlVdK5aHhXDe/hsta8LeIowwmcwjl4cA1NuIcWtIGAhGd4hTfHOC/Ou/OxaC05xcwx/IHz+QO7a5A/</latexit>mc, mb

<latexit sha1_base64="DVYM40zeqcV/Aozrjm9ZcatOv+g=">AAACBXicbVA7T8MwGHTKq5RXgBEGiwqpLFWCEDBWsLAgFUEfUhNFjuu0Vu0ksh2kEmVh4a+wMIAQK/+BjX+D02aAlpMsne7us/2dHzMqlWV9G6WFxaXllfJqZW19Y3PL3N5pyygRmLRwxCLR9ZEkjIakpahipBsLgrjPSMcfXeZ+554ISaPwTo1j4nI0CGlAMVJa8sx9B7F4iLzUiXQsvyW9vs0yWOPew5FnVq26NQGcJ3ZBqqBA0zO/nH6EE05ChRmSsmdbsXJTJBTFjGQVJ5EkRniEBqSnaYg4kW462SKDh1rpwyAS+oQKTtTfEyniUo65r5McqaGc9XLxP6+XqODcTWkYJ4qEePpQkDCoIphXAvtUEKzYWBOEBdV/hXiIBMJKF1fRJdizK8+T9nHdPq3bNyfVxkVRRxnsgQNQAzY4Aw1wBZqgBTB4BM/gFbwZT8aL8W58TKMlo5jZBX9gfP4AgtKYkQ==</latexit>

↵MS(mz)
<latexit sha1_base64="3lB+BQnp6ljBY7sf6GsinOCmB48=">AAACGnicbZDLSsNAFIYn9VbrLerSzWARKkhJRNRl0Y0LFxXsBZpQJtPTduhkEmYmQgl9Dje+ihsXirgTN76N0zaKtv4w8PGfczhz/iDmTGnH+bRyC4tLyyv51cLa+sbmlr29U1dRIinUaMQj2QyIAs4E1DTTHJqxBBIGHBrB4HJcb9yBVCwSt3oYgx+SnmBdRok2Vtt2vWvT3CHtAHs6wqX4CH879AcPsWcYOMeeSNp20Sk7E+F5cDMookzVtv3udSKahCA05USpluvE2k+J1IxyGBW8REFM6ID0oGVQkBCUn05OG+ED43RwN5LmCY0n7u+JlIRKDcPAdIZE99VsbWz+V2slunvup0zEiQZBp4u6CccmhHFOuMMkUM2HBgiVzPwV0z6RhGqTZsGE4M6ePA/147J7WnZvToqViyyOPNpD+6iEXHSGKugKVVENUXSPHtEzerEerCfr1XqbtuasbGYX/ZH18QVRXZ6N</latexit>

⇤b ! (p,⇤c,⇤) `⌫



A. El-Khadra LHCP 2023, 22-26 May 2023

Topics not covered (incomplete list)

30

PDFs: huge progress and much new theoretical work since 2013  
[X. Ji arXiv:1305.1535, PRL 2013] 
hot QCD 
hadron spectroscopy, exotics, scattering phase shifts 
inclusive decay rates (appendix) 
Semileptonic B-meson decay form factors (Jüttner) + baryons ffs 
B mixing (Tsang) 
First and second row CKM unitarity 
QED corrections and radiative decay rates 
kaon mixing,  
nucleon matrix elements and charges 
two and few nucleon systems 
…

ΔMK, ϵ′ 
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• typical momentum scale of quarks gluons inside hadrons: ~𝛬QCD

• make a small to separate the scales: 𝛬QCD ≪ 1/a 
  

• Symanzik EFT:                                                      , n ≥ 2 
  

 provides functional form for extrapolation (depends on the details of the lattice action) 
 can be used to build improved lattice actions  
 can be used to anticipate the size of discretization effects 

 

discretization effects — continuum extrapolation

L 

a 

x Lattice QCD Introduction

hOi
lat = hOi

cont +O(a⇤)n

a (fm) 

L 
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• Staggered quarks (a.k.a Kogut-Susskind)   
reduce the number of doublers (staggering) but keep some (a.k.a tastes) 
dominant discretization effects due to taste-breaking effects (can be corrected analytically) ~  
various improved versions to reduce taste-breaking effects (HISQ,..) 
computationally inexpensive 

• (improved) Wilson quarks 
no doublers, but chiral symmetry broken explicitly 
requires improvement to remove  effects (NP improved, twisted mass, …)  
moderate computational cost 

• Domain wall quarks (live in 5 dimensions) 
no doublers, chiral symmetry exponentials suppressed  
small  discretization effects 
high computational cost   

• …                                                

O(a2)

O(a)

O(a2)

L 

a 

x Lattice QCD Introduction: quark discretizations

Fermion doubling problem   ⬄   chiral symmetry

• new ideas:  
workshop on novel fermion actions 
https://indico.mitp.uni-mainz.de/event/314/
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FIG. 8. Decay constants plotted in units of fp4s vs the heavy-strange meson mass for physical-mass
ensembles at three lattice spacings, and continuum extrapolation. For each color there are two sets
of data and fit lines: one with valence light mass mx = ms (higher one), and one with mx = mu.
The dashed vertical lines indicate the cut amh = 0.9 for each lattice spacing, and data points (with
open symbols) to the right of the dashed vertical line of the corresponding color are omitted from
the fit. The width of the fit lines shows the statistical error coming from the fit. The solid vertical
lines indicate the D and B systems, where MHs = MDs and MHs = MBs , respectively.

Altogether we have 492 lattice data points in the base fit and 60 parameters in the EFT
fit function. The fit has a correlated �

2
data/dof = 466/432, giving p = 0.12. Figure 8

shows a snapshot of the decay constants for physical-mass ensembles, plotted versus the
corresponding heavy-strange meson masses MHs at three lattice spacings. The continuum
extrapolation is also shown. The valence light mass mx is tuned either to ms (upper points)
or to mu (lower points). Data points with open symbols that are at the right of the dashed
vertical line of the corresponding color are omitted from the fit because they have amh > 0.9.
The fact that the fit lines agree well with the omitted points is evidence that we have not
overfit the data. In the continuum extrapolation, the masses of sea quarks are set to the
correctly-tuned, physical quark masses ml, ms, and mc, while at nonzero lattice spacing the
masses of the sea quarks take the simulated values.

The width of the fit lines in Fig. 8 shows the statistical error coming from the fit, which
is only part of the total statistical error, since it does not include the statistical errors in the
inputs of the quark masses and the lattice scale. To determine the total statistical error of
each output quantity, we divide the full data set into 20 jackknife resamples. The complete
calculation, including the determination of the inputs, is performed on each resample, and
the error is computed as usual from the variations over the resamples. (For convenience, we
kept the covariance matrix fixed to that from the full data set, rather than recomputing it

29

FIG. 6. Distribution of four-flavor QCD gauge-field ensembles used in this work. Ensembles that
are new with respect our previous analysis [23] are indicated with black outlines. Ensembles with
unphysical strange-quark masses are shown as gold disks with orange outlines. The area of each
disk is proportional to the statistical sample size Nconf ⇥ Nsrc. The physical, continuum limit is
located at (a = 0, M⇡ ⇡ 135 MeV).

charm and bottom quarks with controlled discretization errors. Figure 7 shows the range
of valence heavy-quark masses used in our analysis. On the coarsest a ⇡ 0.15 and 0.12 fm
ensembles, we have only two values mh = 0.9m0

c
and m

0
c
; on our finest a ⇡ 0.042 and 0.03 fm

ensembles, however, we have several heavy-quark masses between 0.9m0
c

 mh  5m0
c
,

reaching just above the physical b-quark mass. Second, as discussed in Sec. III, we have
large statistical sample sizes, with about 4,000 samples on most ensembles and large lattice
volumes; the resulting errors on the decay constants range from 0.04% to 1.4%.

Because of the breadth and precision of the data set, it is a challenge to find a theo-
retically well-motivated functional form that is sophisticated enough to describe the whole
data set. We therefore rely on several EFTs to parameterize the dependence of our data
on each of the independent variables just described: Symanzik e↵ective field theory for lat-
tice spacing dependence [37], chiral perturbation theory for light- and strange-quark mass
dependence, and heavy-quark e↵ective theory for the heavy-quark mass dependence. These
EFTs are linked together within heavy-meson rooted all-staggered chiral perturbation the-
ory (HMrAS�PT) [64]. Here we use the one-loop HMrAS�PT expression to describe the
nonanalytic behavior of the interaction between pion (and other pseudo-Goldstone bosons)
and the heavy-light meson, and supplement it with higher-order analytic functions in the
light- and heavy-quark masses and lattice spacing to enable a good correlated fit.

Even with these additional terms, however, the extrapolation a ! 0 and the interpolation
mh ! mb oblige us to restrict the range of amh. In practice, we are able to obtain a good
correlated fit of our data with heavy-quark masses amh  0.9. Note, however, that our final
fit function describes even the data with amh > 0.9 quite well.
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MILC nf = 2+1+1
A. Bazavov et al [FNAL/MILC, arXiv:1712.09262, 2018 PRD]
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ś
/10

m
ĺ
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FIG. 7. Valence heavy-quark masses vs. lattice-spacings of ensembles used in this calculation,
in units of the simulation charm sea-quark mass. Symbol shapes indicate the value of the light
sea-quark masses, with diamonds, squares, and circles corresponding to m

0
l
= m

0
s/5, m

0
s/10, and

physical, respectively. The symbol area is proportional to the statistical sample size. The black
(gray) hyperbola shows amh = 0.9 (amh = ⇡/2). The horizontal dashed lines indicate the physical
bottom and charm masses.

Even with these additional terms, however, the extrapolation a ! 0 and the interpolation
mh ! mb oblige us to restrict the range of amh. In practice, we are able to obtain a good
correlated fit of our data with heavy-quark masses amh  0.9. Note, however, that our final
fit function describes even the data with amh > 0.9 quite well.

The rest of this section is organized as follows. In Sec. VA, we construct an EFT-based
fit function with enough parameters (60) to describe the data as a function of the light- and
heavy-quark masses and lattice spacing. For convenience, the complete final expression is
written out in Sec. VB. Next, Sec. VC explains how we convert our decay-constant data
from lattice units to “p4s units” and, eventually, to MeV. Finally, we describe how the fit
works in practice and present our final fit used to obtain the decay-constant central values
and errors in Sec. V D.

A. E↵ective-field-theory fit function for heavy-light decay constants

Recall that Hx denotes a generic heavy-light pseudoscalar meson composed of a light
valence quark x and a heavy valence antiquark h̄, with masses mx and mh, respectively.
The decay constant and mass of Hx are fHx and MHx , respectively. In heavy-quark physics,
the conventional decay constant is defined and normalized as �Hx ⌘ fHx

p
MHx .

We start with massless light quarks, with �0 and M0 denoting the decay constant and
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TABLE X. Representative error budgets for decay constants of the D system, estimated as de-
scribed in the text. Error budgets for fD0 and the isospin-limit value fD are similar to that for
fD+ with one exception. The uncertainty from the topological-charge correction is larger for lighter
valence-quark masses: 0.09% (0.07%) for fD0 (fD).

Error (%) fD+ fDs fDs/fD+

Statistics and EFT fit 0.12 0.11 0.05

Two-point correlator fits 0.09 0.05 0.04

Fit model 0.16 0.07 0.09

Scale-setting quantities and tuned quark masses 0.08 0.04 0.05

Finite-volume corrections 0.02 0.01 0.01

Electromagnetic corrections 0.01 0.01 0.01

Topological charge distribution 0.05 0.00 0.05

f⇡,PDG 0.11 0.08 0.03

TABLE XI. Representative error budgets for decay constants of the B system, estimated as
described in the text. Error budgets for fB+ and the isospin-limit value fB are similar to that for
fB0 with one exception. The uncertainty from the topological-charge correction is larger for lighter
valence-quark masses: 0.11% (0.08%) for fB+ (fB).

Error (%) fB0 fBs fBs/fB0

Statistics and EFT fit 0.39 0.36 0.24

Two-point correlator fits 0.39 0.22 0.17

Fit model 0.34 0.39 0.08

Scale-setting quantities and tuned quark masses 0.10 0.06 0.05

Finite-volume corrections 0.03 0.01 0.02

Electromagnetic corrections 0.02 0.02 0.01

Topological charge distribution 0.07 0.00 0.07

f⇡,PDG 0.14 0.11 0.04

enough that the inclusion of the fit model error discussed in the previous paragraph seems
prudent.

Tables X and XI give representative error budgets for the decay constants and their
ratios in the D and B systems, respectively. The error listed as “statistics and EFT fit” is
determined by a jackknife procedure (described at the end of Sec. VD) in which we repeat,
on data resamples, the EFT fit and its extrapolation to the continuum and interpolation to
physical quark masses. It includes statistical errors in the inputs as well as those from the
fit itself. As explained above, it also includes much of the systematic error associated with
the continuum extrapolation. The small errors from the chiral interpolation are likewise
captured by our Bayesian procedure, which includes all analytic chiral terms at NNLO and
NNNLO.

The error labeled “two-point correlator fits” in Tables X and XI is an estimate of the
contamination due to excited states. It is determined by comparison of the results from the
base, (3+2)-state, fits and those from (2+1)-state fits.

The error we associate with the choice of fitting function, is labeled “Fit model” in each

33

systematic error budget
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Semileptonic B decays to vector mesons: 

36

existing LQCD results for  form factors assume stable  (narrow width approximation) 
[R. Horgan et al, arXiv:1310.3887, 1310.3722, 1501.00367] 
  
Formalism for multi-channel 1→ 2 transition amplitudes: 

[Briceno, Hansen, Walker-Loud, arXiv:1406.5965, PRD 2015;1502.04314, PRD 2015,…]

B → K*, Bs → ϕ K*, ϕ

Status of 
formalism

(somewhat bias estimate)

Spectroscopy/
scattering:

n
n n

⇤⇤K K

⌘⇡
!

⇡

⇡

⇡
⇡
⇡

Electromagnetic 
form factors:

Fundamental 
symmetries:

pp⇡�

⇡

⇡⇡ p

⇡
⇡⇡

⇡
�

⇡�

⇡

⇡
⇡�

⇢⇢

pp

⇡
K

⇡p

⇡
B

K
K⇤

⇡⇡

: Under control : progress made/ 
more to come

weak current
pilot study  [Agadjanov et al, arXiv:1605.03386, NPB 2016]

Limitations: 
• q2 reach: small recoil 
• invariant mass of two-hadron system: < 3 mH  
• recent work to extend formalism to 3 hadrons 

[M. Hansen et al, arXiv:2101.10246]

studies of  scattering  
[G. Rendon et al, arXiv:1811.10750;  

D. Wilson et al, arXiv:1904.03188] 

Kπ

[Figure by R. Briceno]

preliminary results for   form factor with   
[L. Leskovec et al, arXiv:2212.08833] 

B → ππℓν mπ ≃ 320 MeV
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Inclusive decay rates with lattice QCD 

37

B → Xc ℓνℓFor example: 

b̄
W

µ+

⌫µ

Vcb

c̄

B Xc

Target: dΓ ∼ |Vcb |2 LμνWμν

Wμν =
1

2MB ∫ d4xe−iqx⟨B |J†
μ(x)Jν(0) |B⟩

Start with Euclidean four-point function: 

C4(q, τ) = ∑
x

eiqx 1
2MB

⟨B |J†
μ(x)Jν(0) |B⟩

Xc = D, D*, Dπ, Dππ, D**, …
Sum over final states: 

Use OPE + pert. QCD to write     as a double 
expansion:   

dΓ

dΓ ∼ ∑
n

cn
⟨On⟩
mn

b
•  are calculated in perturbation theory  
•  are matrix elements of local 

operators

cn
⟨On⟩

• new methods to perform inverse Laplace transform 
[Liu & Dong (PRL 1994);Liu (PRD 200);Jian et al (1710.11145); Hansen, 
Meyer, Robaina (1703.01881, PRD 2017); M. Hansen et al, 
arXiv:1903.06476; P. Gambino & S. Hashimoto, arXiv:2005.13730; J. 
Bulava et al, arXiv:2111.12774] 

• first applications to : good agreement with OPE  
[P. Gambino et al, arXiv:2203.11762; A. Barone et al, arXiv:2305.14092]

B → Xcℓν



A. El-Khadra LHCP 2023, 22-26 May 2023

Maximize the impact of the Fermilab and J-PARC experiments 
➠ quantify and reduce the theoretical uncertainties on the hadronic 
corrections 

summarize the theory status and assess reliability of uncertainty estimates 

organize workshops to bring the different communities together: 
First plenary workshop @ Fermilab: 3-6 June 2017 
HVP workshop @ KEK: 12-14 February 2018 
HLbL workshop @ U Connecticut: 12-14 March 2018 
Second plenary workshop @ HIM (Mainz): 18-22 June 2018 
Third plenary workshop @ INT (Seattle): 9-13 September 2019 
Lattice HVP at high precision workshop (virtual): 16-20 November 2020 
Fourth plenary workshop @ KEK (virtual): 28 June - 02 July 2021 
Fifth plenary workshop @ Higgs Centre (Edinburgh): 5-9 September 2022 
Sixth plenary workshop @ University of Bern: 4-8 September 2023 
Seventh plenary workshop @ KEK (Japan): June 2024

Muon g-2 Theory Initiative

Gilberto Colangelo (Bern) 
Michel Davier (Orsay) co-chair 
Aida El-Khadra (UIUC & Fermilab) chair 
Martin Hoferichter (Bern) 
Christoph Lehner (Regensburg 
University) co-chair 
Laurent Lellouch (Marseille) 
Tsutomu Mibe (KEK)   
J-PARC Muon g-2/EDM experiment 
Lee Roberts (Boston)    
Fermilab Muon g-2 experiment 
Thomas Teubner (Liverpool) 
Hartmut Wittig (Mainz)

38

Steering Committee 

https://muon-gm2-theory.illinois.edu

https://indico.fnal.gov/event/13795/
http://www-conf.kek.jp/muonHVPws/index.html
https://indico.phys.uconn.edu/event/1/
http://www.apple.com
https://sites.google.com/uw.edu/int/programs/upcoming-programs
https://indico.cern.ch/event/956699/
https://www-conf.kek.jp/muong-2theory/
https://indico.ph.ed.ac.uk/event/112/
https://indico.cern.ch/event/1258310/
https://muon-gm2-theory.illinois.edu
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Near-term Timeline
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Theory Initiative:  
ongoing activities: develop method average for Lattice HVP 
CMD-3 seminar (virtual): 27 March 2023 at 8:00am US CDT 
WP update with all available results ~ late 2023

Run 4
Run 5

Result from 
Runs 2&3

?

20
21

20
22

20
23

Final result  
from E989  

?

J-PARC E34FNAL E989

?

Run 1 result 
announced

Physics Reports 887 (2020) 1–166

Contents lists available at ScienceDirect

Physics Reports

journal homepage: www.elsevier.com/locate/physrep
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Contribution Section Equation Value ⇥1011 References

Experiment (E821) Eq. (8.13) 116 592 089(63) Ref. [1]

HVP LO (e+e�) Sec. 2.3.7 Eq. (2.33) 6931(40) Refs. [2–7]
HVP NLO (e+e�) Sec. 2.3.8 Eq. (2.34) �98.3(7) Ref. [7]
HVP NNLO (e+e�) Sec. 2.3.8 Eq. (2.35) 12.4(1) Ref. [8]
HVP LO (lattice, udsc) Sec. 3.5.1 Eq. (3.49) 7116(184) Refs. [9–17]
HLbL (phenomenology) Sec. 4.9.4 Eq. (4.92) 92(19) Refs. [18–30]
HLbL NLO (phenomenology) Sec. 4.8 Eq. (4.91) 2(1) Ref. [31]
HLbL (lattice, uds) Sec. 5.7 Eq. (5.49) 79(35) Ref. [32]
HLbL (phenomenology + lattice) Sec. 8 Eq. (8.10) 90(17) Refs. [18–30, 32]

QED Sec. 6.5 Eq. (6.30) 116 584 718.931(104) Refs. [33, 34]
Electroweak Sec. 7.4 Eq. (7.16) 153.6(1.0) Refs. [35, 36]
HVP (e+e�, LO + NLO + NNLO) Sec. 8 Eq. (8.5) 6845(40) Refs. [2–8]
HLbL (phenomenology + lattice + NLO) Sec. 8 Eq. (8.11) 92(18) Refs. [18–32]
Total SM Value Sec. 8 Eq. (8.12) 116 591 810(43) Refs. [2–8, 18–24, 31–36]
Di↵erence: �aµ := aexp

µ � aSM
µ Sec. 8 Eq. (8.14) 279(76)

Table 1: Summary of the contributions to aSM
µ . After the experimental number from E821, the first block gives the main results for the hadronic

contributions from Secs. 2 to 5 as well as the combined result for HLbL scattering from phenomenology and lattice QCD constructed in Sec. 8. The
second block summarizes the quantities entering our recommended SM value, in particular, the total HVP contribution, evaluated from e+e� data,
and the total HLbL number. The construction of the total HVP and HLbL contributions takes into account correlations among the terms at di↵erent
orders, and the final rounding includes subleading digits at intermediate stages. The HVP evaluation is mainly based on the experimental Refs. [37–
89]. In addition, the HLbL evaluation uses experimental input from Refs. [90–109]. The lattice QCD calculation of the HLbL contribution builds on
crucial methodological advances from Refs. [110–116]. Finally, the QED value uses the fine-structure constant obtained from atom-interferometry
measurements of the Cs atom [117].

0. Executive Summary

The current tension between the experimental and the theoretical values of the muon magnetic anomaly, aµ ⌘
(g � 2)µ/2, has generated significant interest in the particle physics community because it might arise from e↵ects
of as yet undiscovered particles contributing through virtual loops. The final result from the Brookhaven National
Laboratory (BNL) experiment E821, published in 2004, has a precision of 0.54 ppm. At that time, the Standard
Model (SM) theoretical value of aµ that employed the conventional e+e� dispersion relation to determine hadronic
vacuum polarization (HVP), had an uncertainty of 0.7 ppm, and aexp

µ di↵ered from aSM
µ by 2.7�. An independent

evaluation of HVP using hadronic ⌧ decays, also at 0.7 ppm precision, led to a 1.4� discrepancy. The situation was
interesting, but by no means convincing. Any enthusiasm for a new-physics interpretation was further tempered when
one considered the variety of hadronic models used to evaluate higher-order hadronic light-by-light (HLbL) diagrams,
the uncertainties of which were di�cult to assess. A comprehensive experimental e↵ort to produce dedicated, precise,
and extensive measurements of e+e� cross sections, coupled with the development of sophisticated data combination
methods, led to improved SM evaluations that determine a di↵erence between aexp

µ and aSM
µ of ⇡ 3–4�, albeit with

concerns over the reliability of the model-dependent HLbL estimates. On the theoretical side, there was a lot of activity
to develop new model-independent approaches, including dispersive methods for HLbL and lattice-QCD methods for
both HVP and HLbL. While not mature enough to inform the SM predictions until very recently, they held promise
for significant improvements to the reliability and precision of the SM estimates.

This more tantalizing discrepancy is not at the discovery threshold. Accordingly, two major initiatives are aimed
at resolving whether new physics is being revealed in the precision evaluation of the muon’s magnetic moment. The
first is to improve the experimental measurement of aexp

µ by a factor of 4. The Fermilab Muon g � 2 collaboration is
actively taking and analyzing data using proven, but modernized, techniques that largely adopt key features of magic-
momenta storage ring e↵orts at CERN and BNL. An alternative and novel approach is being designed for J-PARC. It
will feature an ultra-cold, low-momentum muon beam injected into a compact and highly uniform magnet. The goal
of the second e↵ort is to improve the theoretical SM evaluation to a level commensurate with the experimental goals.
To this end, a group was formed—the Muon g�2 Theory Initiative—to holistically evaluate all aspects of the SM and
to recommend a single value against which new experimental results should be compared. This White Paper (WP) is
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To this end, a group was formed—the Muon g�2 Theory Initiative—to holistically evaluate all aspects of the SM and
to recommend a single value against which new experimental results should be compared. This White Paper (WP) is

7

Experimental average (E989+E821) 116592061(41) Phys.Rev.Lett. 124, 141801

251(59)

website: https://muon-gm2-theory.illinois.edu 

https://doi.org/10.1103/PhysRevLett.126.141801
https://muon-gm2-theory.illinois.edu
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n # of diagrams Contribution x 1011

1 1 116140973.32
2 7 413 217.63
3 71 30141.90
4 891 381.00
5 12672 5.08

aµ(QED) = 116 584 718.9 (1)⇥ 10�11
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[T. Aoyama et al, arXiv:1205.5370, PRL;    
T. Aoyama, T. Kinoshita, M. Nio, Atoms 7 (1) (2019) 28]
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quantities? Here or somewhere else in the report, or unnecessary? (Here we
only need GF ,MW,Z and ↵)
Question: citation policy? We have not included citations here for “ancient”
one-loop calculations from 1972, but if desired or necessary for consistency
with other chapters we could include them.
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Electroweak
(contributions from W,Z,H bosons)

aµ(EW) = 153.6 (1.0)⇥ 10�11

<latexit sha1_base64="9417ca8ZQrSMYDt9Nsbn5eEI5ME="></latexit>

[A. Czarnecki et al, hep-ph/0212229, PRD;  
C. Gnendinger et al, arXiv:1306.5546, PRD]

aµ = aµ(QED) + aµ(EW) + aµ(hadronic)
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Compared to QED, 
suppressed by 

∼
m2

μ

M2
W

∼ 10−6
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The hadronic contributions are written as:   

Muon g-2: SM contributions
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leading hadronic

α2 α3

α2 α3 α4

∼ 10−7

a`(hadronic) = aHVP,LO
` + aHVP,NLO

` + aHVP,NNLO
` + . . .

+ aHLbL
` + aHLbL,NLO

` + . . .

<latexit sha1_base64="hyGK+oYnfxRtCBzAuLs0Z6m3QKQ="></latexit>

aµ = aµ(QED) + aµ(EW) + aµ(hadronic)
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1. Dispersive data-driven approach:  
Use experimental data together with dispersion theory. For example:  

HVP: 
  

 
Many experiments (over 20+ years) have measured the cross 
sections for the different channels over the needed energy range with 
increasing precision. The combined data + dispersion theory yield 
HVP with a current error ~ 0.6%.  

HLbL: 

e+e−

hadrons

e+

e−
➠

08.02.2018 HVP_2018 6 

 e+e-  facilities involved in HVP measurement  

KLOE SND CMD-3 

HVP measurements 

BaBar 

BNL-821 

BELLE-II 

BES-III 

KEDR 

S. Serednyakov (for SND)  
@ HVP KEK workshop

New dispersive approach now also allows for data-driven evaluations of HLbL, currently ~20% error   
➠  theory error is (almost) completely quantified. Replaces previous results obtained using simplified 
models of QCD. 

FNAL E989
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(a) Fractional contributions to ahad,LOVP

µ .

(b) Fractional contributions to �↵(5)
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(M2

Z)

Figure 20: Pie charts showing the fractional contributions to the total mean value (left pie chart) and

(error)2 (right pie chart) of both ahad,LOVP
µ (upper panel) and �↵(5)

had
(M2

Z) (lower panel) from various

energy intervals. The energy intervals for ahad,LOVP
µ are defined by the boundaries m⇡, 0.6, 0.9, 1.43,

2.0 and 1 GeV. For �↵(5)

had
(M2

Z), the intervals are defined by the energy boundaries m⇡, 0.6, 0.9, 1.43,
2.0, 4.0, 11.2 and 1 GeV. In both cases, the (error)2 includes all experimental uncertainties (including
all available correlations) and local �2

min
/d.o.f. inflation. The fractional contribution to the (error)2 from

the radiative correction uncertainties are shown in black and indicated by ‘rad.’.

analysis is

ahad,LOVP

µ = (693.26± 1.19stat ± 2.01sys ± 0.22vp ± 0.71fsr)⇥ 10�10

= (693.26± 2.46tot)⇥ 10�10 , (3.28)

where the uncertainties include all available correlations and local �2 inflation as discussed in
Section 2.2.2. Using the same data compilation as described for the calculation of ahad,LOVP

µ ,

the next-to-leading order (NLO) contribution to ahad,VP
µ is determined here to be

ahad,NLOVP

µ = (�9.82± 0.02stat ± 0.03sys ± 0.01vp ± 0.02fsr)⇥ 10�10

= (�9.82± 0.04tot)⇥ 10�10 . (3.29)
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Tensions between BaBar and KLOE data sets: 

Cross checks using analyticity and unitarity relating 
pion form factor to  scattering  
Combinations of data sets affected by tensions 
➠ conservative merging procedure

ππ

Zhiqing Zhang (LAL, Orsay) /15+12The muon g-2 theory initiatives, Seattle, Sept 9-13, 2019
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Summary

!15

❒ A few new measurements/updates included 

❒ The fit based on analyticity and unitarity improves the precision by ~50%  
    for energy range below 0.6 GeV 

❒ The large discrepancy between BABAR and KLOE in the π+π- channel is 
not covered by the usual uncertainty estimation (even when local error 
inflation is applied), we quote this discrepancy as an additional 
(dominant) uncertainty in our new evaluation 

❒ We need more precise and                                                          
independent measurements                                                                    
to resolve the discrepancy
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[M. Davier et al, arXiv:1908.00921]  

total hadronic cross section  from > 100 data sets in 
more than 35 channels summed up to ~ 2GeV 
For > 2 GeV: inclusive data + pQCD + narrow resonances 

 defined to include real & virtual photons 
direct integration method: no need to specify resonances 
( …) 
two independent compilations (DHMZ, KNT)

σhad

σhad

ρ, ω,

http://arxiv.org/abs/arXiv:1802.02995
http://arxiv.org/abs/arXiv:1908.00921
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Conservative merging procedure to obtain a realistic assessment of the underlying uncertainties: 
[B. Malaescu @ INT g-2 workshop]
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➠ aHVP,LO
μ = 693.1 (2.8)exp (2.8)sys (0.7)DV+pQCD × 10−10 = 693.1 (4.0) × 10−10

BDJ19 DHMZ19 FJ17 KNT19
aHVP, LO
µ ⇥ 1010 687.1(3.0) 694.0(4.0) 688.1(4.1) 692.8(2.4)

Table 4: Full evaluations of aHVP, LO
µ from FJ17 [27], DHMZ19 [6], KNT19 [7], and BDJ19 [235]. The uncertainty in DHMZ19 includes an

additional systematic uncertainty to account for the tension between KLOE and BABAR.

DHMZ19 KNT19 Di↵erence

⇡+⇡� 507.85(0.83)(3.23)(0.55) 504.23(1.90) 3.62
⇡+⇡�⇡0 46.21(0.40)(1.10)(0.86) 46.63(94) �0.42
⇡+⇡�⇡+⇡� 13.68(0.03)(0.27)(0.14) 13.99(19) �0.31
⇡+⇡�⇡0⇡0 18.03(0.06)(0.48)(0.26) 18.15(74) �0.12

K+K� 23.08(0.20)(0.33)(0.21) 23.00(22) 0.08
KS KL 12.82(0.06)(0.18)(0.15) 13.04(19) �0.22
⇡0� 4.41(0.06)(0.04)(0.07) 4.58(10) �0.17

Sum of the above 626.08(0.95)(3.48)(1.47) 623.62(2.27) 2.46

[1.8, 3.7] GeV (without cc̄) 33.45(71) 34.45(56) �1.00
J/ ,  (2S ) 7.76(12) 7.84(19) �0.08

[3.7,1) GeV 17.15(31) 16.95(19) 0.20

Total aHVP, LO
µ 694.0(1.0)(3.5)(1.6)(0.1) (0.7)DV+QCD 692.8(2.4) 1.2

Table 5: Selected exclusive-mode contributions to aHVP, LO
µ from DHMZ19 and KNT19, for the energy range  1.8 GeV, in units of 10�10. Where

three (or more) uncertainties are given for DHMZ19, the first is statistical, the second channel-specific systematic, and the third common systematic,
which is correlated with at least one other channel. For the ⇡+⇡� channel, the uncertainty accounting for the tension between BABAR and KLOE
(amounting to 2.76 ⇥ 10�10) is included in the channel-specific systematic.

2.3.5. Comparison of dispersive HVP evaluations
The di↵erent evaluations described in the previous sections all rely on data for e+e� ! hadrons, but di↵er in

the treatment of the data as well as the assumptions made on the functional form of the cross section. In short,
the evaluations from Sec. 2.3.1 (DHMZ19) and Sec. 2.3.2 (KNT19) directly use the bare cross section, the one
from Sec. 2.3.3 (FJ17) assumes in addition a Breit–Wigner form for some of the resonances, and the evaluation
from Sec. 2.3.3 (BDJ19) relies on a hidden-local-symmetry (HLS) model. For certain channels, most notably 2⇡ and
3⇡, constraints from analyticity and unitarity define a global fit function or optimal bounds that can be used in the
dispersion integral to integrate the data, see Sec. 2.3.4 (ACD18 and CHS18 for 2⇡). In this section, we compare the
di↵erent evaluations and comment on possible origins of the most notable di↵erences in the numerical results.

Table 4 shows the results of recent global evaluations. We start with a more detailed comparison of DHMZ19
and KNT19. At first sight, both evaluation appear in very good agreement, but the comparison in the individual
channels, see Table 5, shows significant di↵erences, most notably in the 2⇡ channel, which di↵ers at the level of
the final uncertainty. For the 3⇡ channel, both analyses are now in good agreement, between each other as well as
with a fit using analyticity and unitarity constraints [5], which produces 46.2(8) ⇥ 10�10, see Eq. (2.30). Previous
tensions could be traced back to di↵erent interpolating functions [5, 268, 269]: since the data is relatively scarce
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estimates, 0.12(1) ⇥ 10�10 for ⇡0� and 0.01 ⇥ 10�10 for 3⇡, agree well with recent dispersive analyses, which lead
to 0.13 ⇥ 10�10 [273] and 0.02 ⇥ 10�10 [5], respectively.17 Finally, a di↵erence of about 1.0 ⇥ 10�10 arises from the
energy region [1.8, 3.7] GeV depending on whether data (KNT19) or pQCD (DHMZ19) is used. Summing up these

17Since the 3⇡ threshold contribution is very small, it does not matter for aµ that in this case ! dominance from Refs. [271, 272] noticeably
underestimates the cross section.
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Table 6

Comparison of aHVP, LO
µ [⇡⇡ ] from CHS18 [4], KNT19 [7,271], DHMZ19 with the BABAR/KLOE adjustment [6,272] (the second error gives the additional

systematic uncertainty included for the BABAR/KLOE tension), and the variant without (DHMZ190). All numbers in units of 10�10. For the low-energy
region  0.63GeV the comparison is also shown to ACD18 [243].
Energy range ACD18 CHS18 DHMZ19 DHMZ190 KNT19
 0.6GeV 110.1(9) 110.4(4)(5) 110.3(4) 108.7(9)
 0.7GeV 214.8(1.7) 214.7(0.8)(1.1) 214.8(8) 213.1(1.2)
 0.8GeV 413.2(2.3) 414.4(1.5)(2.3) 414.2(1.5) 412.0(1.7)
 0.9GeV 479.8(2.6) 481.9(1.8)(2.9) 481.4(1.8) 478.5(1.8)
 1.0GeV 495.0(2.6) 497.4(1.8)(3.1) 496.8(1.9) 493.8(1.9)
[0.6, 0.7]GeV 104.7(7) 104.2(5)(5) 104.5(5) 104.4(5)
[0.7, 0.8]GeV 198.3(9) 199.8(0.9)(1.2) 199.3(9) 198.9(7)
[0.8, 0.9]GeV 66.6(4) 67.5(4)(6) 67.2(4) 66.6(3)
[0.9, 1.0]GeV 15.3(1) 15.5(1)(2) 15.5(1) 15.3(1)
 0.63GeV 132.9(8) 132.8(1.1) 132.9(5)(6) 132.9(5) 131.2(1.0)
[0.6, 0.9]GeV 369.6(1.7) 371.5(1.5)(2.3) 371.0(1.6) 369.8(1.3)⇥p

0.1,
p
0.95

⇤
GeV 490.7(2.6) 493.1(1.8)(3.1) 492.5(1.9) 489.5(1.9)

the differences, which in combination with the smaller channels, see Table 5, produces the agreement of the central value
at the level of 1⇥10�10. The difference in the [1.8, 3.7]GeV interval may reflect the level of agreement between data and
pQCD, while for the exclusive channels most differences are well within the uncertainties, apart from the 2⇡ channel.
Since both evaluations for the latter are based on the same data, this channel deserves further attention.

To this end we consider the detailed breakdown in energy intervals as given in Table 6, in comparison to the result of
a global fit function derived from analyticity and unitarity, see Section 2.3.4. In addition, the DHMZ19 number includes
a systematic error defined as half the difference between evaluations performed either without KLOE or without BaBar,
with the central value defined as the mean between the two. Without this adjustment (DHMZ190), the total number for
the 2⇡ channel, 507.0(1.9), becomes a little closer to KNT19.

The first observation is that the dispersive result, CHS18, lies halfway between DHMZ19 and KNT19 when considered
for the full energy range  1GeV (the contribution above 1GeV is small and differences there negligible). Next, the
low-energy region, say below the ⇢ peak, agrees well with DHMZ19, while the KNT19 results lie about 1.5 ⇥ 10�10

lower. Vice versa, above the ⇢ peak the global fit agrees with KNT19, while DHMZ19 lies about 1.5 ⇥ 10�10 higher.
These observations suggest the following interpretation: at low energies data are relatively scarce, so that in the direct
integration of the data the treatment of correlations around the ⇢ peak may well influence the low-energy result. Here,
evaluations imposing analyticity and unitarity constraints [4,6,243] favor the higher value.18 For the energy region above
the ⇢, the data display the well-known tension between BABAR and KLOE, so any combination will effectively reflect
the relative weight assigned to each experiment in the fit. This is also the reason why the difference becomes larger in
DHMZ19 than in DHMZ190, because with the central value chosen as the mean between evaluations without KLOE and
without BABAR, the weight of BABAR in defining the central value slightly increases. Finally, in addition to the covariance
matrices provided by experiment, in the direct integration also the algorithm to combine the data into bins plays a role.

In this regard, the use of correlated uncertainties in the DHMZ and KNT approaches deserves detailed consideration. As
mentioned previously, in the DHMZ data combination, uncertainties are propagated through large samples from pseudo-
experiments produced via Monte Carlo (MC) simulation (see Section 2.3.1). This approach results in correlations being
propagated to the mean values in local regions in an effort to avoid making too-strong assumptions about the given
covariances. In the KNT approach, as described in Section 2.3.2, a correlated fit is implemented, where the available
covariances are used in their entirety to constrain the fit and influence the mean values fully. A comparison of these
methods is given in Fig. 32, which shows the normalized difference of the three KLOE measurements of the ⇡+⇡� cross
section with each combination. For DHMZ, the higher-energy data points do not influence the lower-energy data region
only covered by KLOE10 and the fit mean values in this region are described only by those KLOE10 data. In the KNT case,
the covariances from the energy-independent normalization uncertainties mean that the precision of the higher-energy
KLOE08/KLOE12 data is propagated to the lower-energy region through the window allowed by those correlations. For
the complete ⇡+⇡� combination, the KNT analysis is therefore restricted by the correlations of these three precise and
highly correlated measurements, consequently favoring a lower resulting ⇡+⇡� cross section than in the DHMZ analysis.
Overall, this results in a smaller value for aHVP, LOµ [⇡⇡ ] in KNT than in DHMZ (specifically DHMZ19’). It should be noted
that in Ref. [82], the KNT data combination was compared with the Best Unbiased Linear Estimator (BLUE) approach [277],
where all uncertainties and covariances were propagated via MC pseudo-experiments to the BLUE values. This yielded
results that were consistent with those from KNT. It is known that the BLUE method is equivalent to the minimization of
the uncertainty of the output of a weighted average, cf. Gauss–Markov theorem (see, for example, Ref. [278]). It is also

18 Note that the DHMZ19 number in Table 6 for  0.63GeV corresponds to the combined result of the fit ( 0.6GeV) and data integration
([0.6, 0.63]GeV), while the number in Eq. (2.32) refers to the fit result only. As indicated by the small change and the uncertainty on it [6], good
agreement is observed between the direct integration and the fit-based combination also in the low-energy region.
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the differences, which in combination with the smaller channels, see Table 5, produces the agreement of the central value
at the level of 1⇥10�10. The difference in the [1.8, 3.7]GeV interval may reflect the level of agreement between data and
pQCD, while for the exclusive channels most differences are well within the uncertainties, apart from the 2⇡ channel.
Since both evaluations for the latter are based on the same data, this channel deserves further attention.

To this end we consider the detailed breakdown in energy intervals as given in Table 6, in comparison to the result of
a global fit function derived from analyticity and unitarity, see Section 2.3.4. In addition, the DHMZ19 number includes
a systematic error defined as half the difference between evaluations performed either without KLOE or without BaBar,
with the central value defined as the mean between the two. Without this adjustment (DHMZ190), the total number for
the 2⇡ channel, 507.0(1.9), becomes a little closer to KNT19.

The first observation is that the dispersive result, CHS18, lies halfway between DHMZ19 and KNT19 when considered
for the full energy range  1GeV (the contribution above 1GeV is small and differences there negligible). Next, the
low-energy region, say below the ⇢ peak, agrees well with DHMZ19, while the KNT19 results lie about 1.5 ⇥ 10�10

lower. Vice versa, above the ⇢ peak the global fit agrees with KNT19, while DHMZ19 lies about 1.5 ⇥ 10�10 higher.
These observations suggest the following interpretation: at low energies data are relatively scarce, so that in the direct
integration of the data the treatment of correlations around the ⇢ peak may well influence the low-energy result. Here,
evaluations imposing analyticity and unitarity constraints [4,6,243] favor the higher value.18 For the energy region above
the ⇢, the data display the well-known tension between BABAR and KLOE, so any combination will effectively reflect
the relative weight assigned to each experiment in the fit. This is also the reason why the difference becomes larger in
DHMZ19 than in DHMZ190, because with the central value chosen as the mean between evaluations without KLOE and
without BABAR, the weight of BABAR in defining the central value slightly increases. Finally, in addition to the covariance
matrices provided by experiment, in the direct integration also the algorithm to combine the data into bins plays a role.

In this regard, the use of correlated uncertainties in the DHMZ and KNT approaches deserves detailed consideration. As
mentioned previously, in the DHMZ data combination, uncertainties are propagated through large samples from pseudo-
experiments produced via Monte Carlo (MC) simulation (see Section 2.3.1). This approach results in correlations being
propagated to the mean values in local regions in an effort to avoid making too-strong assumptions about the given
covariances. In the KNT approach, as described in Section 2.3.2, a correlated fit is implemented, where the available
covariances are used in their entirety to constrain the fit and influence the mean values fully. A comparison of these
methods is given in Fig. 32, which shows the normalized difference of the three KLOE measurements of the ⇡+⇡� cross
section with each combination. For DHMZ, the higher-energy data points do not influence the lower-energy data region
only covered by KLOE10 and the fit mean values in this region are described only by those KLOE10 data. In the KNT case,
the covariances from the energy-independent normalization uncertainties mean that the precision of the higher-energy
KLOE08/KLOE12 data is propagated to the lower-energy region through the window allowed by those correlations. For
the complete ⇡+⇡� combination, the KNT analysis is therefore restricted by the correlations of these three precise and
highly correlated measurements, consequently favoring a lower resulting ⇡+⇡� cross section than in the DHMZ analysis.
Overall, this results in a smaller value for aHVP, LOµ [⇡⇡ ] in KNT than in DHMZ (specifically DHMZ19’). It should be noted
that in Ref. [82], the KNT data combination was compared with the Best Unbiased Linear Estimator (BLUE) approach [277],
where all uncertainties and covariances were propagated via MC pseudo-experiments to the BLUE values. This yielded
results that were consistent with those from KNT. It is known that the BLUE method is equivalent to the minimization of
the uncertainty of the output of a weighted average, cf. Gauss–Markov theorem (see, for example, Ref. [278]). It is also

18 Note that the DHMZ19 number in Table 6 for  0.63GeV corresponds to the combined result of the fit ( 0.6GeV) and data integration
([0.6, 0.63]GeV), while the number in Eq. (2.32) refers to the fit result only. As indicated by the small change and the uncertainty on it [6], good
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the differences, which in combination with the smaller channels, see Table 5, produces the agreement of the central value
at the level of 1⇥10�10. The difference in the [1.8, 3.7]GeV interval may reflect the level of agreement between data and
pQCD, while for the exclusive channels most differences are well within the uncertainties, apart from the 2⇡ channel.
Since both evaluations for the latter are based on the same data, this channel deserves further attention.

To this end we consider the detailed breakdown in energy intervals as given in Table 6, in comparison to the result of
a global fit function derived from analyticity and unitarity, see Section 2.3.4. In addition, the DHMZ19 number includes
a systematic error defined as half the difference between evaluations performed either without KLOE or without BaBar,
with the central value defined as the mean between the two. Without this adjustment (DHMZ190), the total number for
the 2⇡ channel, 507.0(1.9), becomes a little closer to KNT19.

The first observation is that the dispersive result, CHS18, lies halfway between DHMZ19 and KNT19 when considered
for the full energy range  1GeV (the contribution above 1GeV is small and differences there negligible). Next, the
low-energy region, say below the ⇢ peak, agrees well with DHMZ19, while the KNT19 results lie about 1.5 ⇥ 10�10

lower. Vice versa, above the ⇢ peak the global fit agrees with KNT19, while DHMZ19 lies about 1.5 ⇥ 10�10 higher.
These observations suggest the following interpretation: at low energies data are relatively scarce, so that in the direct
integration of the data the treatment of correlations around the ⇢ peak may well influence the low-energy result. Here,
evaluations imposing analyticity and unitarity constraints [4,6,243] favor the higher value.18 For the energy region above
the ⇢, the data display the well-known tension between BABAR and KLOE, so any combination will effectively reflect
the relative weight assigned to each experiment in the fit. This is also the reason why the difference becomes larger in
DHMZ19 than in DHMZ190, because with the central value chosen as the mean between evaluations without KLOE and
without BABAR, the weight of BABAR in defining the central value slightly increases. Finally, in addition to the covariance
matrices provided by experiment, in the direct integration also the algorithm to combine the data into bins plays a role.

In this regard, the use of correlated uncertainties in the DHMZ and KNT approaches deserves detailed consideration. As
mentioned previously, in the DHMZ data combination, uncertainties are propagated through large samples from pseudo-
experiments produced via Monte Carlo (MC) simulation (see Section 2.3.1). This approach results in correlations being
propagated to the mean values in local regions in an effort to avoid making too-strong assumptions about the given
covariances. In the KNT approach, as described in Section 2.3.2, a correlated fit is implemented, where the available
covariances are used in their entirety to constrain the fit and influence the mean values fully. A comparison of these
methods is given in Fig. 32, which shows the normalized difference of the three KLOE measurements of the ⇡+⇡� cross
section with each combination. For DHMZ, the higher-energy data points do not influence the lower-energy data region
only covered by KLOE10 and the fit mean values in this region are described only by those KLOE10 data. In the KNT case,
the covariances from the energy-independent normalization uncertainties mean that the precision of the higher-energy
KLOE08/KLOE12 data is propagated to the lower-energy region through the window allowed by those correlations. For
the complete ⇡+⇡� combination, the KNT analysis is therefore restricted by the correlations of these three precise and
highly correlated measurements, consequently favoring a lower resulting ⇡+⇡� cross section than in the DHMZ analysis.
Overall, this results in a smaller value for aHVP, LOµ [⇡⇡ ] in KNT than in DHMZ (specifically DHMZ19’). It should be noted
that in Ref. [82], the KNT data combination was compared with the Best Unbiased Linear Estimator (BLUE) approach [277],
where all uncertainties and covariances were propagated via MC pseudo-experiments to the BLUE values. This yielded
results that were consistent with those from KNT. It is known that the BLUE method is equivalent to the minimization of
the uncertainty of the output of a weighted average, cf. Gauss–Markov theorem (see, for example, Ref. [278]). It is also

18 Note that the DHMZ19 number in Table 6 for  0.63GeV corresponds to the combined result of the fit ( 0.6GeV) and data integration
([0.6, 0.63]GeV), while the number in Eq. (2.32) refers to the fit result only. As indicated by the small change and the uncertainty on it [6], good
agreement is observed between the direct integration and the fit-based combination also in the low-energy region.
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only covered by KLOE10 and the fit mean values in this region are described only by those KLOE10 data. In the KNT case,
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KLOE08/KLOE12 data is propagated to the lower-energy region through the window allowed by those correlations. For
the complete ⇡+⇡� combination, the KNT analysis is therefore restricted by the correlations of these three precise and
highly correlated measurements, consequently favoring a lower resulting ⇡+⇡� cross section than in the DHMZ analysis.
Overall, this results in a smaller value for aHVP, LOµ [⇡⇡ ] in KNT than in DHMZ (specifically DHMZ19’). It should be noted
that in Ref. [82], the KNT data combination was compared with the Best Unbiased Linear Estimator (BLUE) approach [277],
where all uncertainties and covariances were propagated via MC pseudo-experiments to the BLUE values. This yielded
results that were consistent with those from KNT. It is known that the BLUE method is equivalent to the minimization of
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region  0.63GeV the comparison is also shown to ACD18 [243].
Energy range ACD18 CHS18 DHMZ19 DHMZ190 KNT19
 0.6GeV 110.1(9) 110.4(4)(5) 110.3(4) 108.7(9)
 0.7GeV 214.8(1.7) 214.7(0.8)(1.1) 214.8(8) 213.1(1.2)
 0.8GeV 413.2(2.3) 414.4(1.5)(2.3) 414.2(1.5) 412.0(1.7)
 0.9GeV 479.8(2.6) 481.9(1.8)(2.9) 481.4(1.8) 478.5(1.8)
 1.0GeV 495.0(2.6) 497.4(1.8)(3.1) 496.8(1.9) 493.8(1.9)
[0.6, 0.7]GeV 104.7(7) 104.2(5)(5) 104.5(5) 104.4(5)
[0.7, 0.8]GeV 198.3(9) 199.8(0.9)(1.2) 199.3(9) 198.9(7)
[0.8, 0.9]GeV 66.6(4) 67.5(4)(6) 67.2(4) 66.6(3)
[0.9, 1.0]GeV 15.3(1) 15.5(1)(2) 15.5(1) 15.3(1)
 0.63GeV 132.9(8) 132.8(1.1) 132.9(5)(6) 132.9(5) 131.2(1.0)
[0.6, 0.9]GeV 369.6(1.7) 371.5(1.5)(2.3) 371.0(1.6) 369.8(1.3)⇥p

0.1,
p
0.95

⇤
GeV 490.7(2.6) 493.1(1.8)(3.1) 492.5(1.9) 489.5(1.9)

the differences, which in combination with the smaller channels, see Table 5, produces the agreement of the central value
at the level of 1⇥10�10. The difference in the [1.8, 3.7]GeV interval may reflect the level of agreement between data and
pQCD, while for the exclusive channels most differences are well within the uncertainties, apart from the 2⇡ channel.
Since both evaluations for the latter are based on the same data, this channel deserves further attention.

To this end we consider the detailed breakdown in energy intervals as given in Table 6, in comparison to the result of
a global fit function derived from analyticity and unitarity, see Section 2.3.4. In addition, the DHMZ19 number includes
a systematic error defined as half the difference between evaluations performed either without KLOE or without BaBar,
with the central value defined as the mean between the two. Without this adjustment (DHMZ190), the total number for
the 2⇡ channel, 507.0(1.9), becomes a little closer to KNT19.

The first observation is that the dispersive result, CHS18, lies halfway between DHMZ19 and KNT19 when considered
for the full energy range  1GeV (the contribution above 1GeV is small and differences there negligible). Next, the
low-energy region, say below the ⇢ peak, agrees well with DHMZ19, while the KNT19 results lie about 1.5 ⇥ 10�10

lower. Vice versa, above the ⇢ peak the global fit agrees with KNT19, while DHMZ19 lies about 1.5 ⇥ 10�10 higher.
These observations suggest the following interpretation: at low energies data are relatively scarce, so that in the direct
integration of the data the treatment of correlations around the ⇢ peak may well influence the low-energy result. Here,
evaluations imposing analyticity and unitarity constraints [4,6,243] favor the higher value.18 For the energy region above
the ⇢, the data display the well-known tension between BABAR and KLOE, so any combination will effectively reflect
the relative weight assigned to each experiment in the fit. This is also the reason why the difference becomes larger in
DHMZ19 than in DHMZ190, because with the central value chosen as the mean between evaluations without KLOE and
without BABAR, the weight of BABAR in defining the central value slightly increases. Finally, in addition to the covariance
matrices provided by experiment, in the direct integration also the algorithm to combine the data into bins plays a role.

In this regard, the use of correlated uncertainties in the DHMZ and KNT approaches deserves detailed consideration. As
mentioned previously, in the DHMZ data combination, uncertainties are propagated through large samples from pseudo-
experiments produced via Monte Carlo (MC) simulation (see Section 2.3.1). This approach results in correlations being
propagated to the mean values in local regions in an effort to avoid making too-strong assumptions about the given
covariances. In the KNT approach, as described in Section 2.3.2, a correlated fit is implemented, where the available
covariances are used in their entirety to constrain the fit and influence the mean values fully. A comparison of these
methods is given in Fig. 32, which shows the normalized difference of the three KLOE measurements of the ⇡+⇡� cross
section with each combination. For DHMZ, the higher-energy data points do not influence the lower-energy data region
only covered by KLOE10 and the fit mean values in this region are described only by those KLOE10 data. In the KNT case,
the covariances from the energy-independent normalization uncertainties mean that the precision of the higher-energy
KLOE08/KLOE12 data is propagated to the lower-energy region through the window allowed by those correlations. For
the complete ⇡+⇡� combination, the KNT analysis is therefore restricted by the correlations of these three precise and
highly correlated measurements, consequently favoring a lower resulting ⇡+⇡� cross section than in the DHMZ analysis.
Overall, this results in a smaller value for aHVP, LOµ [⇡⇡ ] in KNT than in DHMZ (specifically DHMZ19’). It should be noted
that in Ref. [82], the KNT data combination was compared with the Best Unbiased Linear Estimator (BLUE) approach [277],
where all uncertainties and covariances were propagated via MC pseudo-experiments to the BLUE values. This yielded
results that were consistent with those from KNT. It is known that the BLUE method is equivalent to the minimization of
the uncertainty of the output of a weighted average, cf. Gauss–Markov theorem (see, for example, Ref. [278]). It is also

18 Note that the DHMZ19 number in Table 6 for  0.63GeV corresponds to the combined result of the fit ( 0.6GeV) and data integration
([0.6, 0.63]GeV), while the number in Eq. (2.32) refers to the fit result only. As indicated by the small change and the uncertainty on it [6], good
agreement is observed between the direct integration and the fit-based combination also in the low-energy region.

41

T. Aoyama, N. Asmussen, M. Benayoun et al. Physics Reports xxx (xxxx) xxx

Table 6

Comparison of aHVP, LO
µ [⇡⇡ ] from CHS18 [4], KNT19 [7,271], DHMZ19 with the BABAR/KLOE adjustment [6,272] (the second error gives the additional

systematic uncertainty included for the BABAR/KLOE tension), and the variant without (DHMZ190). All numbers in units of 10�10. For the low-energy
region  0.63GeV the comparison is also shown to ACD18 [243].
Energy range ACD18 CHS18 DHMZ19 DHMZ190 KNT19
 0.6GeV 110.1(9) 110.4(4)(5) 110.3(4) 108.7(9)
 0.7GeV 214.8(1.7) 214.7(0.8)(1.1) 214.8(8) 213.1(1.2)
 0.8GeV 413.2(2.3) 414.4(1.5)(2.3) 414.2(1.5) 412.0(1.7)
 0.9GeV 479.8(2.6) 481.9(1.8)(2.9) 481.4(1.8) 478.5(1.8)
 1.0GeV 495.0(2.6) 497.4(1.8)(3.1) 496.8(1.9) 493.8(1.9)
[0.6, 0.7]GeV 104.7(7) 104.2(5)(5) 104.5(5) 104.4(5)
[0.7, 0.8]GeV 198.3(9) 199.8(0.9)(1.2) 199.3(9) 198.9(7)
[0.8, 0.9]GeV 66.6(4) 67.5(4)(6) 67.2(4) 66.6(3)
[0.9, 1.0]GeV 15.3(1) 15.5(1)(2) 15.5(1) 15.3(1)
 0.63GeV 132.9(8) 132.8(1.1) 132.9(5)(6) 132.9(5) 131.2(1.0)
[0.6, 0.9]GeV 369.6(1.7) 371.5(1.5)(2.3) 371.0(1.6) 369.8(1.3)⇥p

0.1,
p
0.95

⇤
GeV 490.7(2.6) 493.1(1.8)(3.1) 492.5(1.9) 489.5(1.9)

the differences, which in combination with the smaller channels, see Table 5, produces the agreement of the central value
at the level of 1⇥10�10. The difference in the [1.8, 3.7]GeV interval may reflect the level of agreement between data and
pQCD, while for the exclusive channels most differences are well within the uncertainties, apart from the 2⇡ channel.
Since both evaluations for the latter are based on the same data, this channel deserves further attention.

To this end we consider the detailed breakdown in energy intervals as given in Table 6, in comparison to the result of
a global fit function derived from analyticity and unitarity, see Section 2.3.4. In addition, the DHMZ19 number includes
a systematic error defined as half the difference between evaluations performed either without KLOE or without BaBar,
with the central value defined as the mean between the two. Without this adjustment (DHMZ190), the total number for
the 2⇡ channel, 507.0(1.9), becomes a little closer to KNT19.

The first observation is that the dispersive result, CHS18, lies halfway between DHMZ19 and KNT19 when considered
for the full energy range  1GeV (the contribution above 1GeV is small and differences there negligible). Next, the
low-energy region, say below the ⇢ peak, agrees well with DHMZ19, while the KNT19 results lie about 1.5 ⇥ 10�10

lower. Vice versa, above the ⇢ peak the global fit agrees with KNT19, while DHMZ19 lies about 1.5 ⇥ 10�10 higher.
These observations suggest the following interpretation: at low energies data are relatively scarce, so that in the direct
integration of the data the treatment of correlations around the ⇢ peak may well influence the low-energy result. Here,
evaluations imposing analyticity and unitarity constraints [4,6,243] favor the higher value.18 For the energy region above
the ⇢, the data display the well-known tension between BABAR and KLOE, so any combination will effectively reflect
the relative weight assigned to each experiment in the fit. This is also the reason why the difference becomes larger in
DHMZ19 than in DHMZ190, because with the central value chosen as the mean between evaluations without KLOE and
without BABAR, the weight of BABAR in defining the central value slightly increases. Finally, in addition to the covariance
matrices provided by experiment, in the direct integration also the algorithm to combine the data into bins plays a role.

In this regard, the use of correlated uncertainties in the DHMZ and KNT approaches deserves detailed consideration. As
mentioned previously, in the DHMZ data combination, uncertainties are propagated through large samples from pseudo-
experiments produced via Monte Carlo (MC) simulation (see Section 2.3.1). This approach results in correlations being
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Include constraints using unitarity & analyticity for  and  channels   
[CHS 2018, Colangelo et al, arXiv:1810.00007; HHKS19, Hoferichter et al, arXiv:1907.01556] 
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Efforts on Radia-ve Correc-ons for low energy e+e− → hadrons

47

	Workstop+Conference		in	Zurich	5-9	June	2023	(LOC:	A.	Signer,	G.	Stagnitto,	Y.	Ulrich)	

Three-day	in-person	(Workstop)	+	
a	three	half	day	hybrid	conference	

5	Working	Groups:

•WP1:	Leptonic	processes	at	NNLO	
•WP2:	Form	factor	contributions	at	N3LO		
•WP3:	Processes	with	hadrons		
•WP4:	Parton	showers	
•WP5:	Experimental	input	

Final	goal:	full	NNLO	MC.	Aim	to	write	a	report	by	Autumn	2023
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HVP: higher order (NLO, NNLO)
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aμHVP : Higher orders & power counting; WP20 values in 10-11  

➤ All hadronic blobs also contain photons,
i.e.  real + virtual corrections in σhad(s)

• LO:  6931(40)

• NLO:  - 98.3(7)

from three classes of graphs:
- 207.7(7) + 105.9(4) + 3.4(1)    [KNT19]

(photonic,  extra e-loop, 2 had-loops)

• NNLO:  12.4(1) [Kurz et al, PLB 734(2014)144,

see also F Jegerlehner]

from five classes of graphs:
8.0 - 4.1 + 9.1 - 0.6 + 0.005

➥ good convergence,
iterations of hadronic blobs  _very_  small

➠ `double-bubbles’ very small: 3

  [based on KNT 2019] aHVP,NLO
μ = − 9.83(7) × 10−10

aμHVP : Higher orders & power counting; WP20 values in 10-11  

➤ All hadronic blobs also contain photons,
i.e.  real + virtual corrections in σhad(s)

• LO:  6931(40)

• NLO:  - 98.3(7)

from three classes of graphs:
- 207.7(7) + 105.9(4) + 3.4(1)    [KNT19]

(photonic,  extra e-loop, 2 had-loops)

• NNLO:  12.4(1) [Kurz et al, PLB 734(2014)144,

see also F Jegerlehner]

from five classes of graphs:
8.0 - 4.1 + 9.1 - 0.6 + 0.005

➥ good convergence,
iterations of hadronic blobs  _very_  small

➠ `double-bubbles’ very small: 3

aμHVP : short detour: Higher orders   Double Bubbles

4

• What if the blob in is a `double-bubble’ ?

• Purely leptonic graphs (le@ diagram below) are part of four-loop QED correcEons 

• But possibly enhanced contributions from mixed hadronic-leptonic double bubble 
graphs (right diagram above) are not included in the hadronic NNLO HVP 
corrections quoted above

• Our recent work has estimated these remaining NNLO contributions to aμ to be 
below 1 × 10-11 and hence not critical at the level of the experimental accuracy

M Hoferichter + TT,  Phys. Rev. Lett. 128 (2022) 11, 112002

!1

!2

π±

!

  [Kurz et al, arXiv:1403.6400, PLB 2014]aHVP,NNLO
μ = 1.24(1) × 10−10

mixed leptonic, hadronic (double bubble) contributions to  are   
[Hoferichter + Teubner,  arXiv:2112.06929]

aμ < 10−11

space-like NLO and NNLO HVP kernels for LQCD 
evaluations and MUonE  
[Balsani et al,  arXiv:2112.05704; Nesterenko, arXiv:2209.03217, arXiv: 2112.05009]

Figures by T. Teubner
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⇧̂(q2) = ⇧(q2)�⇧(0)

Leading order HVP correction: aHVP,LO
µ =

⇣↵
⇡

⌘2
Z

dq2!(q2) ⇧̂(q2)

• Calculate   in Lattice QCD 

  Compute correlation function:  

  and  
 
Obtain  from an integral over Euclidean time:  
  

aHVP,LO
μ

aHVP,LO
μ

C(t) =
1

3

X

i,x

hji(x, t)ji(0, 0)i

aHVP,LO
µ =

⇣↵
⇡

⌘2
Z 1

0
dt w̃(t)C(t)

<latexit sha1_base64="bwdIsym4glyVPgnTM0fRxWwPX2s="></latexit>

[B. Lautrup, A. Peterman, E. de Rafael, Phys. Rep 1972; 
E. de Rafael, Phys. Let. B 1994; T. Blum, PRL 2002]

⇧̂(Q2) = 4⇡2

Z 1

0
dtC(t)


t2 � 4

Q2
sin2

✓
Qt

2

◆�

<latexit sha1_base64="NYkSLOPZzplvi0apX7Zls9+V8e0="></latexit>

[D. Bernecker and H. Meyer, arXiv:1107.4388, 
EPJA 2011] 
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light-quark connected contribution: 
 ~90% of total 

s,c,b-quark contributions  
 ~8%, 2%, 0.05% of total 

disconnected contribution:  
  ~2% of total 

Isospinbreaking (QED + mu ≠ md ) corrections:  
 ~1% of total

aHVP,LO
μ (ud)

aHVP,LO
μ (s, c, b)

aHVP,LO
μ,disc

δaHVP,LO
μ

Lattice HVP: Introduction
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Introduction

Isospin Breaking Corrections

I lattice calculations usually done in the isospin symmetric limit

I two sources of isospin breaking e�ects

I di�erent masses for up- and down quark (of O((md ≠ mu)/�QCD))

I Quarks have electrical charge (of O(–))

I lattice calculation aiming at 1% precision requires to include isospin breaking

I separation of strong IB and QED e�ects requires renormalization scheme

I definition of “physical point” in a “QCD only world” also scheme dependent

I IB contribution included in final lattice result from the WP [arXiv:2006.04822]
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Target: ~ 0.2% total error
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aHVP,LO
μ = aHVP,LO

μ (ud) + aHVP,LO
μ (s) + aHVP,LO

μ (c) + aHVP,LO
μ,disc + δaHVP,LO

μ
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Overview of published results - contributions to aµ ◊ 1010

BMW ≠1.27(40)(33)
RBC/UKQCD 5.9(5.7)(1.7)
ETM 1.1(1.0)

BMW≠0.0095(86)(99) 0.42(20)(19)

BMW≠0.55(15)(11)
RBC/UKQCD≠6.9(2.1)(2.0)

BMW≠0.047(33)(23)0.011(24)(14)

BMW6.59(63)(53)
RBC/UKQCD10.6(4.3)(6.8)

ETM6.0(2.3)
FHM7.7(3.7) 9.0(2.3)

LM9.0(0.8)(1.2)

BMW≠4.63(54)(69)

BMW [arXiv:2002.12347]

RBC/UKQCD [Phys.Rev.Lett. 121 (2018) 2, 022003]

ETM [Phys. Rev. D 99, 114502 (2019)]

FHM [Phys.Rev.Lett. 120 (2018) 15, 152001]

LM [Phys.Rev.D 101 (2020) 074515]
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• Some tensions between lattice results for individual contributions. 
• Large cancellations between individual contributions: 

δaIB
μ ≲ 1 %

Hartmut	Wittig

The	White	Paper	and	its	aNermath
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-ra6o:					R ahvp, LO
μ = (693.1 ± 4.0) ⋅ 10−10

T. Aoyama, N. Asmussen, M. Benayoun et al. Physics Reports xxx (xxxx) xxx

Table 8

Summary of results for aHVP, LO
µ ; see also Fig. 44. All lattice results fully take into account the corrections and systematic errors, except for those

marked with ⇤, which are older results that did not include SIB and QED corrections in the quoted values and errors. In some cases, the lattice
results include phenomenological estimates of the SIB/QED corrections instead of direct lattice calculations. Results for which the second column
states Nf = 2 + 1 include charm contributions in the valence sector, but not in the sea. Results with Nf = 2 also omit strange sea-quark effects.
When results are displayed with two errors, the first is the statistical uncertainty and the second the systematic one. With only one quoted error,
the statistical and systematic uncertainties are combined. HISQ = highly improved staggered quarks, Stout4S = 4 steps stout-smeared staggered
quarks, tmQCD = twisted mass QCD, DWF = domain wall fermions, Clover = O(a) improved Wilson quarks, StoutW = stout-smeared O(a) improved
Wilson quarks. Simulations with staggered quarks employ ‘‘rooted’’ determinants, to remove the extra doublers from the sea. TMR = time-momentum
representation, VMD = vector-meson dominance.
Collaboration Nf aHVP, LO

µ ⇥ 1010 Fermion ⇧̂ (Q 2)

ETM-18/19 [17,377] 2+1+1 692.1 (16.3) tmQCD TMR
FHM-19 [14] 2+1+1 699 (15) HISQ Padé w. Moments/TMR
BMW-17 [10] 2+1+1 711.1 (7.5)(17.5) Stout4S TMR
HPQCD-16 [376] 2+1+1 667 (6)(12) HISQ Padé w. Moments
ETM-13 [411] 2+1+1 674 (21)(18)⇤ tmQCD VMD
Mainz/CLS-19 [15] 2+1 720.0 (12.4)(9.9) Clover TMR
PACS-19 [13] 2+1 737 (9)(+13

�18) StoutW TMR/Padé
RBC/UKQCD-18 [11] 2+1 717.4 (16.3)(9.2) DWF TMR

Mainz-17 [369] 2 654 (32)(+21
�23)

⇤ Clover TMR

KNT-19 [7] pheno. 692.8 (2.4) � dispersion
DHMZ-19 [6] pheno. 694.0 (4.0) � dispersion
BDJ-19 [238] pheno. 687.1 (3.0) � dispersion
FJ-17 [27] pheno. 688.1 (4.1) � dispersion
RBC/UKQCD-18 [11] lat.+pheno. 692.5 (1.4)(2.3) DWF TMR + disp.

Fig. 44. Compilation of recent results for aHVP, LO
µ in units of 10�10. The filled dark blue circles are lattice results that are included in the ‘‘lattice

world average’’. The average, which is obtained from a conservative averaging procedure in Section 3.5.1, is indicated by a light blue band, while the
light-green band indicates the ‘‘no new physics’’ scenario, where aHVP, LO

µ results are large enough to bring the SM prediction of aµ into agreement
with experiment. The unfilled dark blue circles are lattice results that are older or superseded by more recent calculations. The red squares indicate
results obtained from the data-driven methods reviewed in Section 2. See Table 8 for more information on the results included in the plot.
Source: Adapted from Ref. [443].

3.3.1. Total leading-order HVP contribution
In Fig. 44 and Table 8, we compare the results for aHVP, LOµ reported by the various lattice QCD groups as well as

those obtained from the data-driven methods described in Section 2. Note that lattice results based on gauge ensembles
with Nf = 2 sea quarks are not included in our averages. The results from the BMW collaboration (BMW-17 [10]), the
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Quark-disconnected	contribu6ons

6

Convergence	towards	precise	&	consistent	results

• Long-distance	regime	and	approach	to	the 
asympto6c	value
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I Very good agreement between three collaborations.

Remaining	issues

Sufficiently	precise	for	the	6me	being

• Computa6onal	efficiency: 
stochas6c	techniques	vs.	eigenmodes
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vanishes within errors for larger values of x0. At small times the disconnected contribution

is only about 0.005% of the connected one, and hence we conclude that the vector correlator

G(x0) is completely dominated by the connected part in the region x0 ! 0.5 fm.

The fact that the disconnected contribution is small where it can be resolved does

not, however, imply that it is negligible. Using our data we can derive an upper bound

on the error which arises if one were to neglect the disconnected contribution altogether.

To this end it is useful to recall the isospin decomposition of the electromagnetic current

shown in eq. (2.13), which gives rise to the iso-vector (I = 1) correlator Gρρ and its

iso-scalar counterpart GI=0 (see eq. (2.15)). The iso-vector correlator Gρρ(x0) contains

only quark-connected diagrams; it is related to the connected light quark contribution

Gud(x0) via

Gρρ(x0) =
9

10
Gud(x0). (D.7)

By contrast, the iso-scalar correlator GI=0 contains both connected and disconnected con-

tributions, i.e.

G(x0)
I=0 =

1

10
Gud(x0) +Gs(x0)−Gdisc(x0). (D.8)

With the help of eqs. (D.3) and (D.7) one derives the expression

− Gdisc(x0)

Gρρ(x0)
=

G(x0)−Gρρ(x0)

Gρρ(x0)
− 1

9

(
1 + 9

Gs(x0)

Gρρ(x0)

)
. (D.9)

It is now important to realize that the iso-scalar spectral function vanishes below the

three-pion threshold, which implies that GI=0(x0) = O(e−3mπx0) for x0 → ∞. According

to eq. (D.8) this implies

Gdisc(x0) =

(
1

10
Gud(x0) +Gs(x0)

)
· (1 + O(e−mπx0)), (D.10)

G(x0) = Gρρ(x0) · (1 + O(e−mπx0)) (D.11)

in the deep infrared. With these considerations one determines the asymptotic behaviour

of the ratio in eq. (D.9) in the long-distance regime as

− Gdisc(x0)

Gρρ(x0)
x0→∞−→ −1

9
, (D.12)

where we have also taken into account that Gs(x0) drops off faster than Gρρ(x0) due to

the heavier mass of the strange quark. We expect the asymptotic value to be approached

from above, because [G(x0)−Gρρ(x0)] ∼ 1
18e

−mωx0 is likely larger than Gs(x0) ∼ 1
9e

−mφx0

for x0 " 1 fm.

In figure 7 we plot the ratio of eq. (D.9) versus the Euclidean distance. One can see

that the ratio is practically zero up to x0/a ≈ 26 on E5 and x0/a ≈ 22 at the smaller

pion mass of ensemble F6. Thus, there is no visible trend for distances x0 ! 1.7 fm that

the ratio approaches its asymptotic value of −1/9. In order to derive a conservative upper

bound on the quark-disconnected contribution we assume that the ratio of eq. (D.9) drops

– 35 –
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• Charm, strange 
contributions already well 
determined. 

• Mild tensions for light 
contribution

Consistent results with 
increasing precision

Ongoing efforts by 
FNAL-HPQCD-MILC 
RBC/UKQCD, Mainz

H. Wittig @ Lattice HVP workshop
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In 2020 WP:  
Lattice HVP average at total uncertainty: 

   
BMW 20 (published in 2021)  
first LQCD calculation with sub-percent ( ) error 
in tension with data-driven HVP ( ) 
total error in BMW calculation is dominated by light-
quark connected contribution.  
Large taste-breaking effects with BMW set-up 
➠ uncorrected data not easily fit to power series, i.e.  
 
 
 
 
 
 

2.6 %
aHVP,LO

μ = 711.6 (18.4) × 1010

0.8 %
2.1σ

HVP: lattice
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Taste improvement II
aµ(a) ! aµ(a)� aSRHO

µ (a) + aRHO
µ

reduces lattice artefact, also makes a2 dependence linear
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SRHO improvement gives central value. Systematic errors by:

1 change starting point of improvement t = 0.4 ! 1.3 fm
2 skip coarse lattices
3 change � = 0 and � = 3
4 replace SRHO by NNLO SXPT above 1.3 fm

Lattice spacing dependence
staggered naive scaling is a2, can be modified by logarithms
! a2/ log(a)� What is the value of �?

For O(N) model � < 0. For pure YM with Wilson action � > 0,
probably also for full QCD. [Husung et al ’19]

Major staggered artefact (taste violation) scales naively a2↵s(
1
a
),

ie. � = 1. We observe approximately a2↵3
s(

1
a
), ie. � ⇡ 3

Note, there can be � < 0 exponent in short-distance part of aµ, probably relevant only

for charm. [Ce et al ’21]

Use two types of power series:

1 A0 + A1
⇥
a2
⇤
+ A2

⇥
a2
⇤2

2 A0 + A1
⇥
a2↵3

s
(1

a
)
⇤
+ A2

⇥
a2↵3

s
(1

a
)
⇤2

Difference is (another type of) systematic error of cont. extrapolation.

Kalman Szabo (BMW)  @ Lattice 2021
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aHVP
μ⬄σ(e+e− → hadrons) ⬄ Δαhad(M2

Z)

Connections

53

 also depends on the hadronic vacuum 
polarization function, and can be written as an integral 
over , but weighted towards higher 
energies.  
a shift in  also changes : ➠ EW fits  
[Passera, et al, 2008, Crivellin et al 2020, Keshavarsi et al 2020,  
Malaescu & Scott 2020] 

If the shift in  is in the low-energy region 
( ), the impact on  and EW fits is 
small.  
A shift in  from low ( ) energies  
➠  
must satisfy unitarity & analyticity constraints ➠   

can be tested with lattice calculations   
[Colangelo, Hoferichter, Stoffer, arXiv:2010.07943] 

Δαhad(M2
Z)

σ(e+e− → hadrons)

aHVP
μ Δαhad(M2

Z)

aHVP
μ

≲ 1 GeV Δαhad(M2
Z)

aHVP
μ ≲ 2 GeV

σ(e+e− → ππ)
FV

π (s)
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aHVP
μ⬄σ(e+e− → hadrons) ⬄ Δαhad(M2

Z)

Connections
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Hadronic running of α and global EW fit

e+e− KNT, DHMZ EW fit HEPFit EW fit GFitter guess based on BMWc

∆α
(5)
had(M

2
Z )× 104 276.1(1.1) 270.2(3.0) 271.6(3.9) 277.8(1.3)

difference to e+e− −1.8σ −1.1σ +1.0σ

Time-like formulation:

∆α
(5)
had(M

2
Z ) =

αM2
Z

3π
P

∞
∫

sthr

ds
Rhad(s)

s(M2
Z − s)

Space-like formulation:

∆α
(5)
had(M

2
Z ) =

α

π
Π̂(−M2

Z )+
α

π

(

Π̂(M2
Z )−Π̂(−M2

Z )
)

Global EW fit

Difference between HEPFit and GFitter

implementation mainly treatment of MW

Pull goes into opposite direction
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BMWc 2020

More in talks by M. Passera, B. Malaescu (phenomenology)

and K. Miura, T. San José (lattice)

M. Hoferichter (Institute for Theoretical Physics) Comparison with e+e− data November 20, 2020 6

Martin Hoferichter @ Lattice HVP workshop
 also depends on the hadronic vacuum 

polarization function, and can be written as an integral 
over , but weighted towards higher 
energies.  
a shift in  also changes : ➠ EW fits  
[Passera, et al, 2008, Crivellin et al 2020, Keshavarsi et al 2020,  
Malaescu & Scott 2020] 

If the shift in  is in the low-energy region 
( ), the impact on  and EW fits is 
small.  
A shift in  from low ( ) energies  
➠  
must satisfy unitarity & analyticity constraints ➠   

can be tested with lattice calculations   
[Colangelo, Hoferichter, Stoffer, arXiv:2010.07943] 

Δαhad(M2
Z)

σ(e+e− → hadrons)
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aHVP
μ⬄σ(e+e− → hadrons) ⬄ Δαhad(M2

Z)
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Peter Stoffer @ Lattice HVP workshop
Constraints on the two-pion contribution to HVP arXiv:2010.07943 [hep-ph]

Modifying a⇡⇡µ |1GeV

• “low-energy” scenario: local changes in cross section of
⇠ 8% around ⇢

• “high-energy” scenario: impact on pion charge radius and
space-like VFF ) chance for independent lattice-QCD
checks

• requires factor ⇠ 3

improvement over
�QCD result:
hr2⇡i = 0.433(9)(13) fm2

! arXiv:2006.05431 [hep-ph] �0.1
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phase shifts changed
ck changed, N � 1 = 4
all parameters changed

3

 also depends on the hadronic vacuum 
polarization function, and can be written as an integral 
over , but weighted towards higher 
energies.  
a shift in  also changes : ➠ EW fits  
[Passera, et al, 2008, Crivellin et al 2020, Keshavarsi et al 2020,  
Malaescu & Scott 2020] 

If the shift in  is in the low-energy region 
( ), the impact on  and EW fits is 
small.  
A shift in  from low ( ) energies  
➠  
must satisfy unitarity & analyticity constraints ➠   

can be tested with lattice calculations   
[Colangelo, Hoferichter, Stoffer, arXiv:2010.07943] 

Δαhad(M2
Z)

σ(e+e− → hadrons)

aHVP
μ Δαhad(M2

Z)

aHVP
μ

≲ 1 GeV Δαhad(M2
Z)

aHVP
μ ≲ 2 GeV

σ(e+e− → ππ)
FV

π (s)

Can new physics hide in the low-energy  cross section?  ➠ No  [Luzio, et al, arXiv:2112.08312]  

Neutral, long-lived hadrons, heretofore undetected?  [Farrar, arXiv:2206.13460]

σ(e+e− → ππ)
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Hadronic Light-by-light
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µ−(p) µ−(p′)

↓ k = p′ − p

=

π0, η, η′

+ . . .+

π+

+ . . .+
Exchanges of

other resonances

(f0, a1, f2, . . .)

+

q

+ . . .

Dispersive approach: 
[Colangelo at al, 2014; Pauk & Vanderhaegen 2014; …]   

model independent 
significantly more complicated than for HVP 
provides a framework for data-driven evaluations 
can also use lattice results as inputs

Dominant contributions ( of total):≈ 75 %

Well quantified with  uncertainty 
 pole contributions: Canterbury approximants only 

Ongoing work: consolidation of  pole contributions 
using disp. relations and LQCD

≈ 6 %
η, η′ 

η, η′ 

µ−(p) µ−(p′)

↓ k = p′ − p

=

π0, η, η′

+ . . .+

π+

+ . . .+
Exchanges of

other resonances

(f0, a1, f2, . . .)

+

q

+ . . .

µ−(p) µ−(p′)

↓ k = p′ − p

=

π0, η, η′

+ . . .+

π+

+ . . .+
Exchanges of

other resonances

(f0, a1, f2, . . .)

+

q

+ . . .

Subleading contributions ( of total):≈ 25 %

Not yet well known  
➠ dominant contribution to total uncertainty 
Ongoing work: 
- Implementation of short-distance constraints (now at 2-loop) 
- DR implementation for axial vector contributions 
- new  DR program for higher spin intermediate states  

[Luedtke @ Higgscentre workshop with Procura and Stoffer, in progress] 

- Mainz and BESIII ramping up  programs 
[A. Denig and C. Redmer @ Higgscentre workshop]

q4 = 0

γ(*)γ*

Dispersive, data-driven evaluation of HLbL with 
total uncertainty feasible by ~2025. ≤ 10 %


